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ABSTRACT 

 

 

Causality is one of the most challenging topics in science and engineering. In many applications, 

the cause and effect relationships among complex systems are not clear. In the literature, many 

information theoretic approaches, such as the Granger causality and Transfer Entropy, have been 

successfully applied to estimate the direction of interactions among random variables. However, 

the majority of these analysis have focused on the relationships between pairs of variables. In 

complex systems, the number of variables can increase to large numbers and analysis of the 

interactions of each pair can be problematic.  

In this thesis, we propose using conditional Transfer Entropy in order to seek out the hidden 

information among many interacting variables. We show that pairwise transfer entropy can be 

effective in identifying the directional interactions but some of these relationships can be due to 

the interaction with a third variable. The computer simulations verify these on synthetic coupled 

autoregressive model and also on Protein A4 (S100A4) data, where we show that by conditioning 

on certain variables, we can obtain more insight on the interactions. 
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CHAPTER ONE 
 

1. Introduction 

Information flow with related measures like storage, transfer of information, and interaction has 

gained importance in many fields after Claude Shannon’s information theory was presented in the 

late forties. Information theory, as a mathematical tool, sets rules to examine the relationships 

between the variables of complex systems and their sub-systems. 

In recent years, identifying interdependency and causal relations among multivariate time series 

in data analysis of complicated systems has been an active research topic in many fields, including 

neuroscience, psychology, or computational bioinformatics.  

Variables closely coupled show that information related to one variable can give information 

related to other variables at another moment. Detecting and characterizing their relations by 

observing the system’s behavior can be difficult depending on the number of variables involved, 

magnitude, and nature of the coupling. Indeed, identifying different parts of a system could be an 

ill-posed problem because the definition of weak or strong connection is necessarily subjective. 

The coupling path among two variables is frequently analyzed in terms of one variable driving 

another in order to detect causal relationships. One variable at a given time influence the future 

values of another variable, causing an information flow. 

A term called entropy (TE) is an asymmetric measure suggested for estimating such coupling 

directions. However, it is not easy to accurately evaluate the causation relationship. Each technique 

has some specific tuning parameters, and there is no agreement on an optimized method of 

approximating the entropy from a dataset [1]. 

Objective 

In this thesis, the main goal is to better understand the statistical relationships among two or more 

random variables using information-theoretic approaches. For this purpose, we propose using 

pairwise and conditional dependencies estimated from data. These are entropy, transfer entropy, 

and mutual information. Among many methods, Kraskov technique [10] has been used for these 
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approaches due to its advantages compared to other approaches, such as histogram and kernel 

estimation. 

Comparisons between the pairwise TE estimations and conditional TE estimations are 

demonstrated on synthetic Autoregressive (AR) process data and later the molecules data about 

the Protein A4 (S100A4). 

In conclusion, we have shown that causal analysis of multivariate systems can be explained in 

more detail by using conditional TE rather than the pairwise TE among each pair. When the 

conditional information flows between the alpha carbons of proteins are analyzed, we demonstrate 

that according to the conditioned residue, it can be possible to better understand the spatial 

interactions.   

Cause and effect relationships: 

In earlier literature, Schreiber [2] proposed the TE for the first time to analyze the asymmetric 

statistical dependencies between random variables. Lizier et al. (2010) presented how the general 

concept of information techniques could be applied to the system with multiple dynamic 

interactions. Multiple interacting systems could be represented by using multivariate stochastic 

processes, which could be divided into very fundamental parts of computation within the 

information dynamics setup. 

Faes et al. (2017) showed a way of dissecting the information carried by the target of a multivariate 

dynamic system into a form of atoms of information, and these subdivisions are essential parts of 

the traditional information dynamics like information storage, information transfer, and predictive 

data. These basic atoms are beneficial for explaining the contributions of the systems individually 

in-network linked to the target system's dynamics and helpful in describing the equilibrium of 

synergy and redundancy among sources. Theoretical and real-time data were analyzed to show 

how predictive information was obtained from the transfer, storage, and modification mutually for 

multiple source systems. It was indicated that several types of informatics measured must be 

computed together in the form of subparts of the entire statistical process related to a multivariate 

system's target because any change in the network causes these measurements to undergo 

concurrent changes [3]. 
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Bertschinger et al. (2014) reported work on utilizing partial information decomposition. They 

applied it to a 2D Icing model, where the temperature was variable, to decompose information in 

the spins' triplets. Further, peaks of synergetic and redundant information occurred in the 

disordered and critical phases. Then decomposition was performed on the cells of data in 1D 

elementary cellular automata taking from source present in those cells' neighbors. They also 

achieved a reduction in dimensions of PID atoms [4]. 

Wibral et al. (2017) described the application of partial information decomposition as a unified 

approach in the biological field of neural sciences. Neural systems like canonical microcircuits are 

made of neo-cortex involved in many different processes. A common rule means a goal function 

of information processing was required to implement in this structure. Thus, a framework 

independent of the domain was needed to establish this principle, which could be achieved through 

transfer entropy. Causality analysis between a pair cannot provide the required framework, as the 

neural systems involve a large number of inputs. They used partial information decomposition 

(PID) theory to achieve this. Partial information decomposition enables evaluating the information 

that multivariable give individually, shared, and jointly about the output. PID allowed comparison 

among goal functions in a common framework and provided a technique to design new functions 

by utilizing first principles. A goal function with synergy was designed by combining previous 

knowledge in a synergetic way and by analyzing it. The newly developed process was not 

investigated before and found useful for information processing in neural sciences [5]. 

Barrett (2015) summarized information redundancy and synergy shared in Gaussian systems that 

could be static or dynamic. The information about the target carried by two or more source 

variables could be characterized by using partial information decomposition, which decomposes 

the information into unique, redundant, or synergetic parts. Earlier research gave formulas for PID 

suggested that redundancy shrinks to the minimal information, so do not depend upon correlation 

among sources, and synergy provides extra information given by a weak source for a strong source 

known value. It can be increased or decreased depending on the correlation among sources. He 

found that the joint information in both sources was larger than the sum of individual information 

for each source. It was shown that how these findings could be used to measure information-

dependent measures related to complexity and information transfer for general purpose and neural 

sciences. Furthermore, an approach was given based on independent formulas provided for 
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redundancy and synergy that could be applied on continuous data of time series and could be used 

to quantify and characterize information sharing among complex variables systems [6].  

Williams et al. (2010) demonstrated how to measure multivariate information so that the structure 

of interactions among variables become visible, and the issue of negative information related to 

the method of interaction information was eliminated. In the first step, this was achieved by 

describing a generalized measure related to redundant information that fulfilled intuitive 

characteristics for redundancy measurement. The parameter induced a lattice structure, known as 

redundancy lattice, over the possible information sources sets different ways of showing that the 

information could be distributed among a set of sources. Then the lattice could be used to quantify 

partial information that finds the unique information denoted by each combination of sources. 

Furthermore, they showed partial information terms obtained on the decomposition of mutual 

information so that complete information obtained from the source is divided into partial 

information contributions [7]. 

Structure of the thesis 

In this thesis, we propose a new approach to better understand the directional statistical interactions 

between multivariate systems. We show that we can get more insight about these interactions by 

using conditional TE rather than pairwise TE which is applied in a pairwise manner among each 

component. We compare both methods first on a synthetic AR process and then on the detection 

of allosteric effects among the residues of a protein molecule. After this problem statement, the 

sequel of thesis is as follows: 

In the second chapter, we briefly give background on entropy, including transfer entropy, mutual 

information, and conditional transfer entropy. Further, we present the extension of a multivariate 

case in entropy and methods. Moreover, we also give partial information decomposition and usage.  

Chapter three of the thesis includes different estimation techniques known as Kraskov estimator, 

Kernel density estimation and histogram, for the purpose of estimating information theoretic 

quantities from data. 

In the fourth chapter, we demonstrate the simulation results pertaining to the applications of 

pairwise TE, MI and Conditional TE both among multivariate members of a coupled AR system 

and among the alpha carbons of protein A4 (S100A4). Simulations of this section have been 
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accomplished by using MATLAB. In the last chapter, we discuss the results found in our research, 

followed by suggestions for future work. 

CHAPTER TWO 

2. Background 
 

2.1 Entropy 

Entropy is a way of quantifying information contained in a variable or within a signal. It is 

used to quantify the amount of the uncertainty about a random variable. The concept of entropy 

inside the information theory was first introduced by Shannon in a paper named “A Mathematical 

Theory of Communication” [12]. In his paper, Shannon states that Entropy will be maximum in 

the case where all the outcomes are equiprobable. For this condition, entropy will increase with 

the increase in the outcomes. He adds that a zero entropy will be possible if the outcome is known. 

The mathematical expression of entropy for a discrete random variable (f) is given as follows: 

                                          𝐻𝑝(𝑓) = − ∑ 𝑃(𝑓 = 𝑎)𝑙𝑛𝑃(𝑓 = 𝑎)𝑎∈𝐴       (2.1)  

Generally, logarithms of base 2 is used in place of natural log. For these two different logarithms 

entropy show different units that is for natural logarithm entropy is measured in “nats” while for 

base 2 logarithm “bits” is used for entropy. A continuous random variable f has a probability 

density function (pdf) p, so we can also write: 

 

                                                            𝐻(𝑓) = − ∫ 𝑝(𝑓)𝑙𝑜𝑔𝑝(𝑓)
𝑓∈𝐴

           (2.2) 

where p denotes the probability density function. 

2.2 Mutual Information 

Mutual information is another information theoretic quantity defined over pdf. It measures 

the amount of information that is shared by two random variables. It means mutual information 

gives the idea about the information that we know about one random variable given the observance 

of another variable [11]. 
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Let’s take an example of a die. Suppose that there are two variables X and Y. X denotes the roll 

of a die having six sides, and Y shows about even or odd condition of the die. These variables are 

related to the single die; therefore, the variable Y will surely give some information about the 

variable X. So, mutual information can be used for these variables. But if the two variables are 

related to two different dies, then it will not be possible for any variable to give information about 

the other variable. In this case, they cannot make use of mutual information[12]. 

The other definition of mutual information is given as the average decrease in uncertainty within 

one variable X resulting from the known value of other variable Y. The mutual information can be 

represented formally for X and Y, two random variables, having combined distribution P (X, Y) 

                                                  𝐼(𝑋; 𝑌) = ∑ 𝑃(𝑥, 𝑦)𝑙𝑜𝑔
𝑃(𝑥,𝑦)

𝑃(𝑥)𝑃(𝑦)𝑥𝜖𝜒,𝑦∈Y          (2.3) 

Here in the equation, the terms P(X) and P(Y) presenting marginal distributions for X and Y, and 

these distributions are obtained by a process called marginalization. The Kullback-Leibler 

divergence can be seen from the above expression between product (P(x) P(y)) and joint (𝑃(𝑥, 𝑦))  

distributions. The term MI can further be given in the form of the expected value above.  

When the expected value is evaluated over divergence among two probabilities named marginal 

probability and conditional probability, the resultant expression is also termed as mutual 

information [16]. 

I(X; Y) = ∑ 𝑃(𝑋 = 𝑥) 
𝑥𝜖𝜒 ∑ 𝑃(𝑌 = 𝑦|𝑋 = 𝑥)𝑦𝜖Υ ∙ log (

𝑃(𝑌 = 𝑦|𝑋 = 𝑥)

𝑃(𝑌=𝑦)
)

 
                    (2.4) 

 

The Shannon’s entropy is related to it through some of the expressions given below: 

                                                      𝐼(𝑋; 𝑌) = 𝐻[𝑋] − 𝐻[(𝑋|𝑌)]                                              (2.5)                                                                            

                                                          = 𝐻[𝑋] + 𝐻[𝑌] − 𝐻[𝑋, 𝑌]                                               (2.6)  

                                                = 𝐻[𝑋, 𝑌] − 𝐻[(𝑋|𝑌)] − 𝐻[(𝑌|𝑋)]                                          (2.7) 
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Figure 1: Venn diagram showing relation between entropy and mutual information. 

If Y and X are independent, then the mutual information will always be zero. It will be lower than 

the minimum entropy of any of the variables: 

                                                        0 ≤ 𝐼(𝑋; 𝑌) ≤ min(𝐻[𝑋], 𝐻[𝑌])                                 (2.8) 

              

 It can be further extended for continuous variables. 

2.3 Transfer Entropy 

Transfer entropy is an information theoretic quantity that can be utilized to quantify the 

amount of information flow between two random variables. Unlike the MI, TE is not asymmetric 

and it gives idea about the causal interactions. In a dynamic system, TE utilizes the time-bound 

information among two systems. It determines the reduction in the uncertainty about a random 

variable’s dependency on its own past values by means of using its dependency on another random 

variable’s past values, or it can be treated as the extra information we get by looking at the past 

values of another process accompanying the original one [12]. 

It can be defined explicitly for source node Y and X destination using the preceding state of the 

source named 𝑦𝑛 and the destination’s next state (𝑥𝑛+1) conditioned on the destination’ previous 

k states at the time n+1 

𝑇EYX 𝑇(Xi+1|Xi
(𝑘)

, Yi
l) = ∑ 𝑝(𝑥i+1, 𝑥i

𝑘 , yi
l) 𝑙𝑜𝑔2

𝑝(𝑥i+1|𝑥i
𝑘,yi

l)

𝑝(𝑥i+1|𝑥i
(𝑘)

)

 
𝑥i+1,   𝑥i

𝑘,yi
l             (2.9) 
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Where 𝑥i
(𝑘)

= {𝑥i, 𝑥i−k+1} and yi
(l)

= {yi, yi−l+1}  are past states, and X and Y are kth and Ith order 

markov processes, respectively, such that X depends on the k pervious values and Y depends on 

the l pervious values. In the literature, k and l are also know as the embedding dimensions. 

 

It can also be expressed as 

                                               𝑇𝑌→𝑋 = 𝐻(𝑋𝑡+1|𝑋𝑡) − 𝐻(𝑋𝑡+1|𝑋𝑡, 𝑌𝑡)                      (2.10) 

           

Alternatively, transfer entropy can show in terms of the addition of two mutual information quantities or 

conditional information given below: 

                                                                    𝑇𝑘(𝑌 → 𝑋) = 𝐼(𝑌; (𝑋0|𝑋𝑘)                                             (2.11) 

                                                                     𝑇𝑘(𝑌 → 𝑋) = 𝐼(𝑌; 𝑋0, 𝑋(𝑘)) − 𝐼(𝑌; 𝑋(𝑘))                       (2.12)  

Where 

𝑋′= destination’s next state 

𝑋(𝑘) = Previous k states 

The term transfer entropy from X to Y has a value different from transfer entropy from Y to X; 

hence we can say that the TE is asymmetric. It measures a pair of variables. In the absence of 

proper conditioning for observations above two in number, it is impossible to differentiate between 

transfer entropy and indirect causality, resulting in spurious causality. 

2.4 Extension to Multivariate Case: Multivariate entropy, MI and TE 

We have discussed theoretic measures for just two variables. Still, there are various fields 

and researches involving a large number of variables, so we require measuring techniques for 

multiple variables. Here in this section, we will discuss multivariate analysis techniques and 

information measures for various variables [14]. 

2.4.1 Multivariate Entropy 

Let us consider n number of variables continuous in nature, shown as follows: 

                                                            𝑣𝑛 = {𝑋1, 𝑋2 … … … 𝑋𝑛}                                                   (2.13)  
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We will use notation 𝑣𝑛−1 for set of variables in the absence of ( 𝑋𝑛). Now the probabilities for 

the set of variables is denoted as 

p(𝑣𝑛) = Probability density function  

𝑝(𝑋𝑛|𝑣𝑛−1) = Conditioned probability density function  

Joint entropy is used for multiple variables and it is the term to quantify uncertainty related to the 

multiple variables. It has a mathematical formula which is expressed as 

                                                     𝐻(𝑣𝑛) = − ∑ p(𝑣𝑛)𝑠 log (p(𝑣𝑛))                                    (2.14)  

Where’s the set of values is (𝑣𝑛).  

2.4.2 Multivariate Mutual Information 

Multivariate Mutual information is a way of defining how information is shared 

among variables. It is used for a set of variables. A general concept of mutual information 

for three or more than three variables is known as interaction information. Mutual 

information in the case of three variables is expressed as follows: 

                                                     𝐼(𝑋𝑖, 𝑋𝑗, 𝑋𝑘) = 𝐼(𝑋𝑖, 𝑋𝑗) − (𝑋𝑖, 𝑋𝑗|𝑋𝑘)          (2.15)                                   

Now the mutual information for three variables in terms of entropies. 

      𝐼(𝑋𝑖, 𝑋𝑗, 𝑋𝑘) = 𝐻(𝑋𝑖) + 𝐻(𝑋𝑗) + 𝐻(𝑋𝑘) − 𝐻(𝑋𝑖, 𝑋𝑗) 

                                       −𝐻(𝑋𝑖, 𝑋𝑘) − 𝐻(𝑋𝑗, 𝑋𝑘) + 𝐻(𝑋𝑖, 𝑋𝑗, 𝑋𝑘)          (2.16) 

The Multivariate MI may be negative, positive or zero. For three variables, 𝑋𝑖, 𝑋𝑗 𝑎𝑛𝑑 𝑋𝑘, the 

simplest case say, that 𝑋𝑖 gives a certain amount of knowledge about 𝑋𝑘. This is seemed to be 

possible in the effect of belongs one of the variables may increase or decrease dependence between 

the others. As a trivial case, consider the situation in the multivariate product where variables 𝑋𝑖 

and 𝑋𝑗 are independent when 𝑋𝑘 is not known, but become dependent given 𝑋𝑘 . For this case, 

𝐼(𝑋𝑖, 𝑋𝑗, 𝑋𝑘) is may be negative. This shows that mutual information for multivariate variables 

need not be always positive, by expanding it in terms of parameters of probability up to the second 

order. 
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2.4.3 Multivariate Transfer Entropy 

The information flow from a collection of variables to a target variable can be 

quantified by multivariate transfer entropy. In particular, Tk(Y → X) will capture the 

information transfer that occurs due to the interaction between a set of source variables 

(e.g., an exclusive-OR type interaction); uni-variate analysis cannot grasp this. As such, in 

the multivariate TE, we now have a measure for information transfer that is non-linear, 

directional, and captures collective interactions. Figure 2 shows the entropy among source 

Y and destination X for transfer of information [3]. 

 

Figure 2: Transfer entropy for multiple variables. 

Multivariate TE has proven to be better for measuring non-linear and linear casual relationships 

effectively in neuroscience. MTE is an extension of pairwise entropy transfer. 

In an M variable system, if we show the source by X, target by Y and the remaining system 𝑍 =

{𝑍𝑘} 𝑘=1,....𝑀−2 , we can evaluate the information flow from a source system X to the target system 

Y, by considering the rest of the complex system. This can be represented as follows: 

𝑇𝐸( 𝑋 → 𝑌|𝑍) = ∑𝑝(𝑦1:𝑛,𝑥1:𝑛−1,𝑧1:𝑛−1)𝑙𝑜𝑔
𝑝(𝑦𝑛|𝑥1:𝑛−1,𝑦1:𝑛−1,𝑧1:𝑛−1)

𝑝(𝑦𝑛|𝑦1:𝑛−1,𝑧1:𝑛−1)
                 (2.17) 

 

Where x1:n-1 represents the entire previous history of the process x [43], 𝑧1:𝑛−1 shows the pas of Z, 

and 𝑦1:𝑛, represents all past and the current states. 
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2.5 Partial Information Decomposition 

Williams and beer presented the concept of PID that is partial information decomposition. 

It provides a basis for decomposing the information shared among the collection of variables 

known as inputs and the other variable output. In other words, we can say that the purpose of the 

partial information decomposition is decomposing the information known as joint mutual 

information among sources related to target in the form of non-negative values. It can apply to any 

desired number of sources [6]. It decomposes the information that a collection of the variable has 

about another variable into the following forms: 

• Unique 

• Redundant 

• Synergistic 

• Mixed 

 Hence, it decomposes information among set of variables and single variable.  

2.5.1 Explanation: Redundancy, Synergy and Uniqueness 
 

Now consider a simple case of two variables where 

                                                               𝑆 = {𝑋1, 𝑋2}                                                   (2.18)       

The sum of the partial information values gives relevant mutual information. Now for a two- 

variable case, we can say that: Unique information is given by each individual variable X about 

the variable Y, and Redundant type of information is achieved by both variables X. The 

combined variables X give synergetic effect about Y. 

The mutual information is expressed in terms of partial information decomposition which can be 

written as follows: 

 𝐼(𝑋1, 𝑋2;  𝑌)  ≡  𝑆𝑦𝑛𝑒𝑟𝑔𝑦(𝑌;  𝑋1, 𝑋2)  +  𝑈𝑛𝑖𝑞𝑢𝑒(𝑌;  𝑋1)                                           (2.19) 

                              + 𝑈𝑛𝑖𝑞𝑢𝑒(𝑌;  𝑋2)  +  𝑅𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑐𝑦(𝑌;  𝑋1, 𝑋2)                                                                           

                  𝐼(𝑋1;  𝑌) ≡  𝑈𝑛𝑖𝑞𝑢𝑒(𝑌;  𝑋1)  +  𝑅𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑐𝑦(𝑌;  𝑋1, 𝑋2)                                         (2.20) 

                  𝐼(𝑋2;  𝑌)  ≡  𝑈𝑛𝑖𝑞𝑢𝑒(𝑌;  𝑋2)  +  𝑅𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑐𝑦(𝑌;  𝑋1, 𝑋2)                                         (2.21)  
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William and Beer introduced that the redundancy of information is equal to the minimum 

information term. The new function that is the minimum information function, shows the intuitive 

behavior of redundancy. It means that for variable Y, redundancy gives by both the variables X 

regarding Y [7]. The minimum function is further related to specific information and the expression 

of the particular information given as: 

                           𝐼𝑠𝑝𝑒𝑐(𝑦; 𝑋) = ∑ 𝑝(𝑥|𝑦)𝑥∈𝜒 [ 𝑙𝑜𝑔 (
1

𝑝(𝑦)
) − 𝑙𝑜𝑔 (

1

𝑝(𝑦|𝑥)
)]                     (2.22)          

Here the equation shows how much of the information regarding the specific state of variable Y 

given by the variable X is provided by specific information [13]. 

The minimum function evaluates by comparing the amounts of data given by individual variables 

X about each set of variable Y. The expression for the minimum information given as: 

              𝐼𝑚𝑖𝑛(𝑌; 𝑋1, 𝑋2) = ∑ 𝑝(𝑦)𝑚𝑖𝑛𝑋𝑖
 𝐼𝑠𝑝𝑒𝑐(𝑦; 𝑋𝑖)𝑦∈𝑌                    (2.23) 

                   

Where each variable X is considered individually.  

Further, redundancy is equivalent to the minimum information function given by William and 

Beer. 

                             𝑅𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑐𝑦(𝑌; 𝑋1, 𝑋2) = 𝐼𝑚𝑖𝑛(𝑌; 𝑋1, 𝑋2)                                       (2.24)   

However, minimum information and redundant information has distinct but critical difference 

among them. The difference lies in the way the variables X contributed to providing information. 

Redundancy is the information obtained by both the variables X, while the information named 

minimum information shows the minimum average amount of the information provided by any 

variable X [9]. 

2.6 Conditional entropy, MI, and Transfer entropy 
 

2.6.1 Conditional entropy 

For a known value of one random variable, how much information is required to 

define the random variable’s outcome is shown by a term called conditional entropy. It can 
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also be specified in terms of expected values. When the expected value for the entropies 

related to conditional distributions averages above the conditioned variable, it is also called 

conditional entropy. 

Mathematical expression for conditional entropy of X, a random variable, specified another Y 

variable shows the uncertainty for X for the known value of Y then for (X, Y ) ∼ p(x, y) conditional 

entropy is given as follows: 

𝐻(𝑌|𝑋) = ∑ 𝑝(𝑥 = 𝑥𝑖)𝐻(𝑌|𝑋 = 𝑥𝑖)𝑖                                                        (2.25) 

= − ∑ 𝑝(𝑥 = 𝑥𝑖)𝑖  ∑ 𝑝(𝑦 = 𝑦𝑖|𝑋 = 𝑥𝑖)𝑙𝑜𝑔𝑝(𝑦 = 𝑦𝑖|𝑋 = 𝑥𝑖)𝑖             (2.26) 

= − ∑ ∑ 𝑝((𝑦 = 𝑦𝑖|𝑋 = 𝑥𝑖))𝑙𝑜𝑔(𝑦 = 𝑦𝑖|𝑋 = 𝑥𝑖)𝑗𝑖                              (2.27) 

= −𝐸 𝑙𝑜𝑔𝑝(𝑌|𝑋)                                                                                  (2.28) 

This expression shows that the entropy of two random variables is equal to the sum of the 

entropy of one and the other variable’s conditional entropy. If and only if one variable is a 

deterministic function of the other variable, then for this condition, the conditional entropy will 

be zero or greater than zero [1]. 

2.6.2 Conditional mutual information 

An essential parameter of information-theoretic that relates the notion of mutual 

information with conditions is conditional mutual information. It is a quantity that 

quantifies the dependence of two variables X and Y, given in the presence of a third variable 

Z.  Let’s consider complementary as well as mutually orthogonal subspaces X, Y, Z. Then 

the expression of mutual information between X and Y when conditioned on Z is given as 

                                      𝐼𝑝( 𝑋, 𝑌| 𝑍) = 𝐷(𝑝(𝑥 , 𝑦|𝑧) ∥ 𝑝(𝑥|𝑧) 𝑝(𝑦|𝑧)                  (2.29)   

                                                   = 𝐸𝑝 [𝑙𝑜𝑔
(𝑥, 𝑦|𝑧)

𝑝(𝑥|𝑧) 𝑝(𝑦|𝑧)
]    (2.30) 

                                = 𝐻𝑝( 𝑋, 𝑍) + 𝐻𝑝(𝑌, 𝑍) − 𝐻𝑝(𝑍) − 𝐻𝑝(𝑋, 𝑌, 𝑍)             (2.31)   

Different informatics measures for x, y, z variables show three bottoms left, bottom right, and upper 

circles—different colors like yellow, brown, orange, and green representing condition-based 

mutual information [12]. 
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Figure 3: Venn diagram showing Conditional Mutual informatics measures. 

2.6.3 Conditional Transfer entropy 
 

The transfer entropy for two series X and Y is given as 

                                                     𝑇𝑋→𝑌 = 𝐼 [(𝑌𝑡: 𝑋0:𝑡|𝑌0:𝑡)]                                     (2.32)  

This expression shows that X influences Y. But a question arises is that whether the influence is 

direct? The answer lies in a term named conditional entropy transfer. This term determines whether 

the dependence is direct or not by the use of a third series. The term conditional entropy defines 

the sharing of information among two series based on the condition of the third series past value. 

Mathematically it is given as 

                                                             𝐶X→Y |(Z) =  I [𝑌𝑡 ∶  𝑋𝑜:𝑡 |  𝑍0:𝑡]                                (2.33)          

Conditional entropy also terms as causation entropy. For example, considering a system 

representing 𝑋 → 𝑍 → 𝑌.  Z influenced by X and Y is influenced by Z. Any effect that X imposed 

on Y also goes to Z. For this scenario, the entropy will be greater than zero, regardless of whether 

X does not directly affect Y. In comparison, the conditional entropy will be zero because of the 

conditioning imposed on Z [1]. 
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Chapter Three 
 

3. Estimation Techniques 

It is becoming popular and useful to analyze the complicated system as distributed information 

treating systems in computational bioinformatics, artificial life, and neuroscience. It leads to the 

intense use of information-theoretic quantities for analyzing the dynamic process of complicated 

systems related to these fields. This research is aimed to develop a deep insight for information-

theoretic measures and its application in the field of biochemistry. Many dynamic processes are 

related to proteins and we propose using conditional TE to better understand these processes. In 

the literature, entropy, MI, TE and their variants are estimated using data in many ways. This 

section briefly covers the most frequently used approaches. 

There are lot of methodologies presented for estimating information-theoretic quantities. 

Modeling the probability density function (PDF) from data is the most challenging part of the 

majority of the methods. Estimating probability density functions can be performed using the 

following techniques: 

• Histograms 

• Kernels density estimation 

• Kraskov estimation 

3.1 The Histogram 

The simplest and oldest technique for estimating PDF is histogram. This technique consists 

of simple process in which we divide observations into non-overlapping bins and by counting the 

number of observations in each bin. Once these counts in each bin are normalized with the total 

number of data points, a crude estimate of any PDF can be obtained. However, this approach has 

severe problems in three or more dimensional estimations and therefore it is not implemented in 

this thesis where multivariate PDF’s are considered.  
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        3.2 The Kernel Estimation 

There are many shortcomings related to the histogram, and further, the sensitivity related to 

the size of bins and origin’s choice is also a problem. An alternative technique to bypass the 

problem of discontinuities is the kernel estimation. Mathematically it is expressed as 

 

                            𝑓𝑋(𝑥) =
1

𝑁ℎ
∑ 𝐾 (

𝑥−𝑥𝑖

ℎ
)𝑁

𝑖=1                                                        (3.1) 

Here kernel function is denoted by K, the number of observations by N and window width by h. 

A possible choice is a Gaussian kernel for K, leading towards an estimator called density estimator 

given as follows: 

                   𝑓(𝑥) =
1

𝑁ℎ√2𝜋
∑ 𝑒𝑥𝑝 (

−(𝑥−𝑥𝑖)2

2ℎ2 )𝑁
𝑖=1                                           (3.2) 

In practice, the fundamental element is the choice of bandwidth h. Its optimum Value is that which 

decreases the asymptotic mean integrated squared error among estimation and actual density. 

Thus, the bandwidth is expressed as follows: 

                ℎ̂ 𝑟𝑜𝑡  ≈  𝜎(
4

𝑓+2
)

1
(𝑓+4)⁄

𝑁
−1

(𝑓+4)⁄
                                                 (3.3) 

 Where dimensionality is denoted by f. 

There are various kinds of kernels available, but the most common kernels are Rectangular and 

Gaussian. Each kernel has a specific bandwidth or radius. This estimation technique can further 

utilize to quantify entropy by using generalized correlation integral that is estimated by correlation 

sum [Prichard and Theiler,]. For estimating entropy if rectangular kernel use, it proved to be more 

accurate than the histogram method. For this technique, correlation sums utilize to estimate 

entropies and correlation sum evaluated by using Grassberger-Procaccia (GP) algorithm or some 

other efficient method [10]. 

3.3 The Kraskov Estimation 

The most challenging part of the estimation of mutual information is the probability 

densities. So, it is preferred to use a technique that does not involve probability density estimations. 

One such technique is the Kraskov estimation (KGS) that directly estimates mutual information. 

It is a common variant of the Naïve kNN estimation. The basic concept behind this estimation is 
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that there must be strong relation among spaces X and Y if the neighbor for an observation in space 

X corresponds to the same neighbor in the space Y. The general rule of this estimation is that for 

all density estimation in different spaces, the same length scales will be used for k closest neighbor 

distance as in joint space, making the bias smaller. This estimation is 

𝐻̂ (𝑋) =  −Ψ(𝐾) + Ψ(𝑛) + log(𝑐𝑑) +
𝑑

𝑁
∑ log (𝜀𝑋(𝑁, 𝐾))𝑁

𝑛=1                              (3.4) 

 Where 

Ψ=digamma function 

N=number of samples in space X 

d=dimensionality of samples 

𝑐𝑑=volume of a unitary ball having d-dimension 

Then two little bit different estimators derived, the most common of which is given as 

𝐼(𝑋; 𝑌) = Ψ(𝑁) + Ψ(𝐾) −
1

𝐾
−

1

𝑁
∑ (Ψ(𝜏𝑥𝑖

)) + (Ψ(𝜏𝑦𝑖
))𝑁

𝑖=1                (3.5) 

The distance of 𝜏𝑥𝑖
 from 𝑥𝑖is not more than 0.5 × 𝜀(𝑛. 𝐾) = 0.5 × max (𝜀𝑋(𝑛, 𝐾), 𝜀𝑌(𝑛, 𝐾)). 

The factor k is a free parameter that shows the neighborhood's size for local density estimation. A 

larger k will reduce the variance related to estimation, so the smaller k proves to be more accurate. 

Whereas it requires that the value of k increases with N for estimation of consistent density and 

some weak conditional entropy approximates converge for any fixed value of k. To evaluate 

mutual information in the joint space x we set value of k that finds the value of 𝜖 for each point x. 

KSG is one of the most accurate techniques to evaluate mutual information. K a free parameter, is 

first selected, and then the estimation is applied to the data. It can vary the value of k, which allows 

exploring characteristics within the probability distribution across spatial scales, and it will result 

in a bias-variance tradeoff. The optimum value of k based on the structure of spatial characteristics 

within the data can be non-trivial and might occur on several spatial scales. The optimum k value 

also dependent upon the N because the fine characteristic features exist only at a higher level of 

sampling density [10] 
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CHAPTER FOUR 
 

4. Application and Simulations 

In this section, the performance of information-theoretic quantities, such as MI, TE, are 

demonstrated by computer simulations on two cases, namely the Coupled Autoregressive model 

and coupled molecular model. In this regard, three estimation techniques are discussed and 

evaluated in detail. Moreover, as the main contribution of the thesis, the comparison between 

pairwise TE, conditional TE have been analyzed on these two situations. Furthermore, the 

proposed approach is assessed by applying different reliable techniques discussed in the literature. 

Kraskov and Kernel models are implemented on MATLAB to provide insights into a non-linear 

autoregressive model. To analyze the applicability of models, the proposed approach was used on 

various alpha carbons of proteins. 

4.1 Application to the AR Model: 

In this section, it is shown how information-theoretic approaches could be used for the 

analysis of complex dynamic systems. We assume three time series that are non-linearly 

dependent and coupled via autoregressive model (AR) as shown below:  

  𝑦1(𝑡) = 𝑎1𝑦1(𝑡 − 1) + 𝑛1(𝑡) 

                                𝑦2(𝑡) = 𝑏1𝑦2(𝑡 − 1) + 𝑏2𝑦2(𝑡 − 2) + 𝑏3𝑦1(𝑡 − 1) + 𝑛2(𝑡)     (4.1) 

     𝑦3(𝑡) = 𝑐1𝑦3(𝑡 − 1) + 𝑐2𝑦2(𝑡 − 1) + 𝑐3𝑦1(𝑡 − 2) + 𝑛3(𝑡) 

 

Where 𝑛1, 𝑛2, 𝑛3 are drawn from Gaussian noise. The following diagram depicts the dependency 

of three state variables on their own past samples and on the other variables’ past samples. The 

blue arrows indicate a one-time lag whereas the orange represents a two-time lag.  

      

 
 

Figure 4: Interaction between variables in the AR System. 
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This model shown by Fig. 4 depicts multivariate variables and the relations and interactions among 

them in a complicated dynamic system. The sign connected two variables shows their interaction, 

and the other sign just related to the single variable indicates that the variable also depends on 

itself. 

4.1.1 Results of Conditional and pairwise transfer entropies on the AR 

model 
 

Here, a conditional and pairwise approach on the couples is applied for this method and a 

model-free assessment in TE, using the time series simulation with equation (4.1) is performed. 

The AR model involves three interacting variables. These simulations were repeated 100 times for 

ensemble averaging purposes. We analyze the TE between each pair of variables with one 

conditional. This analysis is setup with Kraskov estimator with the k=4 for the nearest point, and 

maximum lags 2 in our model. 

Table 1: AR matrix of Conditional and Pairwise TE. 

 

  

Figure 5:The matrix represents the Conditional and pairwise TE estimation in the AR system. The color (dark to light) indicates 
the TE average over 100 realizations of the simulations. 

AR Conditional TE AR Pairwise TE 

Y1→Y3|Y2 

0.02 

Y2→Y3|Y1 

0.17 

Y1→Y3 

0.11 

Y2→Y3 

0.27 

Y1→Y2|Y3 

0.04 

 Y1→Y2 

0.04 
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In Fig. 5, the conditional and pairwise TE values for the 3 variable AR system are illustrated. In 

Fig. 5a, the number on the x axis denotes the relevant source, the number on the y axis represents 

the relevant target, and the remaining third variable is the conditional. That is, the value of the 

conditional TE (Y1→Y2|Y3) is given at the second from the top of the first column of the matrix. 

As we can see in Fig. 5, our approach detects the accurate information transfer from Y1 to Y2 

given Y3 (Y1→Y2|Y3), which is higher than the TE(Y2→Y1|Y3), which are obtained as a result 

of ensemble averaging of 100 realizations. The rest of the matrices denote the conditional TE 

results pertaining to (Y3, Y2), (Y3, Y1), (Y1, Y3), (Y2, Y3) by hidden conditional variables in the 

non-linear AR system. When the results are compared with the equations, it is observed that the 

transfer directions of the actual information can be found successfully.  

In Fig5b, the actual number values of the matrices are shown as well, due to the fact that the small 

differences are not remarkable in the heatmaps. According to the comparison between the pairwise 

and the conditional results, we notice that the pairwise TE between 2 and 3 is 0.27, whereas this 

value goes down to 0.17 when the same pair is taken by conditioning on the first variable. This 

means that pairwise TE includes some redundant amount which is actually coming from 1 and 

affecting 3. Similarly, pairwise TE between 1 and 3 also includes redundant information coming 

from the indirect effect of 1 via 2 to 3. These results conclude that we can have more in-depth 

analysis with conditional results compared to pairwise results. 

4.2 Applications of Transfer Entropy in Allosteric effects of residues in 

proteins 

 
In biochemistry, a protein’s activity can be regulated by an effector at a site which is outside 

of the protein’s own region. This effect is known as allostery and the dynamics of the biomolecules 

can be changed by means of such effects. Based on recent [24], it has been shown that the allosteric 

effects originate because of the atomic fluctuations and these are also related to the changes in 

entropy interactions. Here, "Data used in this study which were derived from 1 micro-second long 

molecular dynamics (md) simulations of calcium-binding protein A4 (S100A4), were provided by 

Dr. Erol Eroglu and Dr. Ahmet Yildirim. This protein comprises 186 amino acids long residues,  
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is considered as a drug target for the treatment of some cancer tumors. For data production, the 

experimental x-ray crystallographic structure of the protein (PDB access code; 3ZWH) was used 

for md simulations. The simulations were carried out using Gromacs software, the atomic 

coordinate frames of the protein were written every pico-second and total of 5000 frames were 

recorded for TE analysis. Only atomic fluctuation data of alpha carbons (CA) of residues were 

used for TE calculations". Here, the conditional interactions between different residues compared 

with pairwise relationships for 50 of these alpha carbons. 

  

Table 2:Tested on the below methods. 

APPLICATION METHOD SOURCES DESTINATION 

 

 

 

 

TRANSFER 

ENTROPY 

 

Pairwise 

 

R1 

…….  

R50 

R2  

…….  

T50 

 

 

Mutual Information 

 

R1 

…. 

R50 

R2 

…. 

R50 

 

 

Conditional  

R1 

…….  

R50 

R2 

…….  

R50 

 

 

4.3 Pairwise TE on Allosteric effect analysis 
 

In a complex network like those formed by residues of a protein molecule, the pairwise 

interaction is affected on a broader network framework. Estimation of the TE between residues 

helps us to define and identify the functional and structural links. In the following figure, a cartoon 

depicts such interactions among three residues: 

Here, using the time-series data, TE values are estimated for each pair of 50 alpha carbons, i.e. 

(TEi → TEj and TEj → TEi), where 𝑖, 𝑗 = 1,2, … ,50.  
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Figure 6:Pairwise TE as a function of the source to target. The results were obtained over 50 realizations in proteins residue. 

 
Fig. 6 shows the pairwise TE values between each residue. We observe that pairwise TE results 

are close to each other for the chosen 50 residues. However, it should be noted that the information 

flow from the residues between 30 and 50 to residue number 30 (and vicinity) is much more 

remarkable compared to the rest. In addition to this, the values around the diagonals seem to be 

lower than the rest.  

4.4 Estimation of the Mutual information among the residues 

 
MI is an information-theoretic quantity explaining the reduction in uncertainty of one 

random variable given the knowledge of the other. Since MI is a symmetrical measure, it cannot 

differentiate between possible directions or causalities. However, using MI allows us to clarify the 

full level of dependence above and beyond that shown by correlation. Second, it can help provide 

an indirect evaluation of models assuming a non-linear causal dependence as the primary 

interaction between the two variables. Here, the estimation of mutual information between every 

pair of 50 alpha carbons is done using the Kraskov method. In the following figure, these are 

shown: 
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Figure 7:Matrix represents the residues samples of mutual information Between (1-50). 

 

In Fig. 7, we observe certain dependency patterns showing the interactions between 50 residues in 

protein. For example, residues between 45 and 50 seem to be independent from residues 1-44. In 

this band, there is only one exception at residue 16 where the above independence is not valid. 

Moreover, residues between 12 and 22 are observed to be almost independent from residues 1 to 

9, whereas those between 22 and 30 are highly dependent on those in the range of 1-10. 

4.5 Analysis of Conditional TE among residues 

In this section, we propose to analyze the interactions between the residues of the same 

Protein A4 (S100A4) by using conditional TE. As we see in the AR section, here we also observe 

additional information brought by conditioning other residues. This lets us identify which pairs 

have common effectors at the background. 

In the following section, by considering each residue pair, Ri and Rj representing the source and 

target, the conditional TE values are illustrated for 50 variables. In each figure, conditional TE 

from a single source to all targets are estimated separately and for each of them a 50x50 matrix is 

obtained.  

For example, in Fig. 8a, each column of the matrix shows the values of TE from source 1 to a 

specific target, given the residue number 2. Similarly, in Fig. 8b, each column is composed of TE 
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values from source 2 to every target, conditioned on residue number 3. In the rest of the section, 

this procedure is repeated for each source with different conditions.  

When we analyze the results, we note that conditioning on a third residue considerably changes 

the pairwise TE between many residue pairs. Most of the time, the conditional TE values are found 

to be smaller than their pairwise counterparts, meaning that we measure “redundant” information 

between the pairs if we do not take the conditions into account.  

Physically, this means that even if certain residues seem to be closely related, when the allosteric 

effect of a third one is analyzed by conditioning, this close relationship can be found to be smaller 

than its pairwise value. This means, a third residue in space can provide more information about 

the interaction between pairs fluctuations. 

 

Figure 8: Conditional TE between one source to all destination. 

 

The fig. 8 shows the conditional TE between source 1 and all targets conditioned on 2 to 50, in 

each column, respectively. We observe that the information flow is small between source 1 and all 

targets when conditioned on separate observations of residues 1 to 10 and it does not change much 

as a function of targets. On the other hand, information flow from source 1 to targets between 45 

and 50 seem to be almost independent from the change in the conditioning residue. For the rest of 

the interactions, higher information flows are observed from source 1 to sources between 25 to 40 

conditioned on 35 to 50 and from source 1 to targets 1 to 40 conditioned on residues from 20 to 

30. Furthermore, when different conditionings to third variables are examined, we notice that  
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mostly, under the 45 degree diagonal, where the source number is much smaller than the 

conditioned one, the TE is higher. This means that the locations of the residues with smaller 

number are affected more from the conditionings. 

On the other hand, the residue sources with higher numbers become more connected to higher 

numbered targets for low numbered conditions. That is, the upper left of matrices tend to be higher 

in value, also meaning that we get more information when we condition on high numbered 

residues. 

For example, for residue number 34, we see a huge change going down to minimum values when 

conditioned on the residues in the vicinity of 34, namely 32,35,etc. 

When we analyze source number 6 conditioned on 45, TE to targets between 1 to 15 are affected 

considerably. This time, we can conclude that actually residue 6 and residue 45 are not that far 

away from each other in affecting targets between 1 to 15.   

  

 

 
 

 

Figure 9:Sources between 3 to 6 and all target conditioned 2-50 in above simulation. 
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Figure 10: Sources between 7 to 12 and all target conditioned 2-50 in above simulation. 
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Figure 11:Sources between 12 to 18 and all target conditioned 2-50 in above simulation. 
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Figure 12: Sources between 18 to 24 and all target conditioned 2-50 in above simulation. 



P a g e  29 | 49 

 

  

 

  

 

  

 

Figure 13: Sources between 25 to 30 and all target conditioned 2-50 in above simulation. 
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Figure 14:Sources between 31 to 36 and all target conditioned 2-50 in above simulation. 
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Figure 15:Sources between 37 to 42 and all target conditioned 2-50 in above simulation. 
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Figure 16: Sources between 43 to 48 and all target conditioned 2-50 in above simulation. 
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Figure 17: Sources between 49 to 50 and all target conditioned 2-50 in above simulation. 

Based on these observations, where we see a significant pattern change between pairwise TE and 

conditional TE values, we can conclude that we can get much more insight on the hidden 

interactions among multiple random variables by taking conditional estimations into account. 

Above, we present that the information flow between any two residues can change significantly 

based on the conditions.  

CHAPTER FIVE 
 

5. Discussion and Future Work 
 

In this thesis, comparison between different information-theoretic approaches are analyzed 

to better understand the allosteric interactions in proteins. In this perspective, we examined the 

behavior of MI, TE and conditional TE. In order to demonstrate the extra information that we can 

gain by conditioning on a third variable, we present two-way directional information flows 

between the elements of protein. For the proof of concept, we show the importance of conditioning 

in TE on an application where three autoregressive processes are coupled to each other. This 

simulation verifies that pairwise TE is not always ideal to understand the directional information 

flows and conditioning on other variables can significantly affect this interaction. In the 

simulations, we demonstrate this effect on Protein A4 (S100A4) data and show that when we use 

conditional TE, we can get extra insight of the spatial interactions in protein.  



P a g e  34 | 49 

 

In conclusion, the use of conditional TE is highly encouraged for the directional analysis between 

random variables in many applications in science and engineering. 
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APPENDIX 
 

Appendix 1 
 

The code of AR model is attached in the following figure. 

 

 

Appendix 2 
Simulations Parameters for AR Model. 

Parameters Values 

a1 

b1 

0.99 

0.8 
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b2 

b3 

c1 

c2 

c3 

0.1 

0.1 

0.1 

0.3 

0.08 

 

Appendix 3 
 

All the codes used in this research can be obtained in the following link. 

https://github.com/humairpalh/humairali 


