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FREE BOUNDARY VALUE PROBLEMS FOR ABSTRACT
ELLIPTIC EQUATIONS AND APPLICATIONS

VELI B. SHAKHMUROV

ABSTRACT. Free boundary value problem for abstract elliptic equations
with variable coefficients is studied. The equations involve linear opera-
tors in Banach space E. The uniform maximal regularity properties and
Fredholmness of this problem are obtained in E-valued Holder spaces.
It is proven that the corresponding differential operator is positive and
is a generator of an analytic semigroup. In application, the maximal
regularity properties of Cauchy problem for abstract parabolic equation
and anisotropic elliptic equations are established.
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1. INTRODUCTION, NOTATIONS AND BACKGROUND

The maximal regularity properties of boundary value problems (BVPs) for dif-
ferential-operator equations (DOEs) have found many applications in PDE, pseudo-
differential equations arising in various physical processes (see for example |1,

, 8, 10, 12, 13, 15-21, 23, 25, 26]). Regularity properties of free BVPs for elliptic
and parabolic equations are studied for example in [2, 7, 9, 11, 14, 22].

Let © be a domain in R™ and E be a Banach space. Cém)(Q; E) will denote the
spaces of all E-valued bounded uniformly stongly continuous and m-times contin-
uously differentiable functions on Q. For m = 0 this space is denoted by Cy,(2; E).
Let C denote the set of complex numbers. For E = C the space C™)(Q; E) will
be denoted by C’ém)(Q). Moreover, Cg°(£2; E) denotes the space of all E-valued
bounded strongly continuously differentiable functions of arbitrary order. We put
R =(—00, o) and Ry = (0, 00). Let f(z) be a E—valued function and f(z) # 0.
Consider

Qp ={(z,y) eRx Ry, feCG(R; E), 0 <y <[ f(=)l}-
The boundaries of Q¢ are given by
Fo=Rx0, T;={(z,y) e RxRy,y=|f(2)l}
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Consider the following problem: Given fy, v € CZSZ)(R; E). Find a pair of functions
(u, f) possessing the regularity
fe (. 1) ¢V (®; E)),
’U,(t, ) S WPZ(Qf(t); E), teJ= [O, T),
and satisfying the following equations a.e.
—Au(t, z) + A(x)u(t, ) =0, teJ, z€Qqy,
0
af;‘:o, ted, e Q)
u(t, z) = f(t,z), teJ, z€Ty,
lim w(t, z) =v(t), te€][0,T),
Z—r00

fe(t, ) + /1 + f2(t, x)%u(t, z)=0, te(0,T),z¢€Tyy),
f(0, 2) = fo(z), z€R,

where A is a linear operator in a Banach space E and z = (z, y) represents a generic
point in ¢. Moreover, A denotes the Laplace operator with respect to the Eu-
clidean metric, aan denotes the derivative in the direction of the outer unit normal n
at I'y(;). Maximal regularity properties of partial DOEs in L, spaces were studied
in [3, 5, 8, 1721, 23]. The results in [5] and [17-21, 23] were restricted to rectangu-
lar domains and equations that did not contain mixed derivatives in leading parts.
Moreover, the problems investigated in [3] and [6] involve only bounded operator
coefficients. In [23] the Dirichlet problem for the elliptic differential-operator equa-~
tion of the second order in general domains was studied. In contrast to all above,
we study general BVP (1.1) for equation with unbounded operator coefficients in
general domains. Consider the BVP

(1.1)

Lu= Z aij(x)aiauxj — A(z)u(z) = F(z),

i,5=1

(1.3)
Liu=ulpr =0,
where I is the boundary of region G C R™ and a;; are real-valued functions on G.
We say that the problem (1.3) is maximal H-regular (or separable in Holder
space C7) if:
(1) for all F € C7(G; E) there exists a unique solution u € C?7(G; E(A), E)
satisfying (1.3) a.e. on Gj
(2) there exists a positive constant C independent of F' such that

Z H 00z

Let G denote the operator generated by the problem (1.3) for A =0, i.e.,
D(G) = C37(G; E(A), E) = {u € C*Y(G; E) N C(G; E(A)), ulr = 0},
Gu = Lu.

+ | Aullcv(aie) < ClFlleve;m)-
CY(GE)




FREE BOUNDARY VALUE PROBLEMS 65

Section 1 collects definitions and background materials, embedding theorems of
Sobolev—Lions spaces. Let C be the set of complex numbers and

S(p) ={r€C, JargA| <t U{0}, 0<p<T.

Let F; and F5 be two Banach spaces. L(E;, E2) denotes the space of all bounded
linear operators from E; to Ey. For E1 = Es = F it will be denoted by L(E). A
linear operator A is said to be @-positive in a Banach space E with bound M > 0
if D(A) is dense on E and

I(A+AD " |z < MO+ AT

with A € S(p), ¢ € [0, w), where I is an identity operator in E.

Sometimes A + Al will be written as A + A and will be denoted by Ay. It is
known [24, §1.15.1] that there exist fractional powers A of positive operator A.
Let E(A%) denote the space D(A?) with graphical norm

1
lull measy = (lull” + [|A%|P)7, 1 <p < oo, —00 <6 < oo.

A linear operator A(x) is said to be positive in F uniformly in x if D(A(z)) is
independent of x, D(A(z)) is dense in F and

I(A@) + AD)TH < M+ AT

for all A € S(¢) and ¢ € [0, ).

Let Q be a domain in R". C(£2, E) and C™(€); E) will denote the spaces of all
E-valued bounded uniformly strongly continuous and m-times continuously differ-
entiable functions on {2, respectively.

Let 0 < v < 1. C7(Q; E) denotes the space of all E-valued strongly bounded
continuous functions that are defined on 2 C R™ with the norm

I fllcv:e) = Ifllc@:e) + [f]7(E),

where
[f"(E)=sup M

wtyayen  |T =yl

C7™(Q; E) denotes the space of all E-valued strongly bounded continuous func-
tions that are defined on 2 C R™ with the norm

I fllovmezy = 1 fllem @iz + 1F™ lerm) < oo,
CTm (Y E) = {f € C™(; B), [ € CN(Q; B)},

Let Ey and E be two Banach spaces such that Ej is continuously and densely

embedded into E. Let m be a natural number. Let & = (aq, o, ..., o) be n
tuples of nonnegative integer numbers and
Do olel

0x{10x5? ... 0xp"

C™7(Q; Ey, E) denotes the space of all Ep-valued bounded uniformly stongly con-
tinuous and m-times continuously differentiable functions on €2 with norm

I fllemaseo,2) = Iflema:e) + 1 fllev @) -
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For Ey = E the space C"™7(Q; Ey, E) is denoted by C"™7(Q); E). Let A be a
linear operator in a Banach space E and A be a generator of an analytic semigroup
U(t) =Ua(t). Let

_g_1
Da(0, p) = {u € B, |lulp,yo.p) = '~ 7 AUt 1o (0,1 < o0}
for1<p<ooandfe(01),
Da(9, 00) = {u € E, |[ullp,o,) = t' " AUt)ull 1< (0,1;) < 00}
forp=ococand 0 <0 <1
D4(0) = {u € Da(0, ), tnr%tlfoAU(t)u =0}.
—

From [16, Proposition 2.2.2], we obtain the following
Da(6, p) = (B, D(4))g,, for 1 <p< oo, b€ (0, 1),
D40, 00) = (E, D(A))p,00 for 0 <8<
DA(Q) = (E7 D(A))97 for 0 € (Oa 1)

H(Ey, E) denotes the class of linear operators that are isomorphsms from Ej
onto E and are negative generators of strongly continuous and analytic semigroups.

Let S'(R™; E) denote the space of all continuous linear operators L: S(R"; E) —
E, equipped with the bounded convergence topology. Recall S(R"; E) is norm
dense in LP(R™; E) when 1 < p < oo.

Let L} (E) denote the space of all F-valued functions u(t) such that

o0 dt\ @
lullzs ) = (/ |u(t)||%t> <oo, 1<g<oo, |ullp (z) = sup [ul®)|e-
0 0<t<oco

Let F' denote the Fourier transform. The FE-valued Besov space on R” is defined
as in [25, §3], i.e

B;’q(R”; E) = {u € S'(R™"; E),

)

2
HUHB (RnE H 1Zt%k Gk 1+|£k|%k) —t|g| Fu
L (Lp(R™;E))

D, q € [1, 0], s, > Sk, s = (51, S2, ..., sn)}

For appropriate domain {2 C R" the space B ,(€2; E) is defined as usual restric-
tion of the space B,  (R"; E).

For E' = C the space B, ,(€; C) will be denoted by By (€).

Let h* = h*(R™; E) denote the closure of S(R"; E) in BS (R™; E). Assume
that Q is an open subset of R™ and let rq denote the restriction operator with
respect to €2, i.e., rqu = u |q for B, . (R"; E). Here, h*(Q; E) is defined as the
closure of TQ( (R” E)) in BY, (9; E) and h™7(Q; E) is defined as the closure
of ro(S(Q; E)) in C™7 (Y E) For E = C the spaces h®(Q; E), h™7(Q; E) will be
denoted by h® and k™7, respectively. Moreover, let C§(Q; E) denote the closure
of C>*(Q; E) in C*(Q; E).
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Let . . .
h+:h+(Ra E):{geh 7g(x)7é0}7

X =h%Q; E), X=h"Q;E),
Y = h?°(Q; B(A), B) = {u € h*(Q; D(A)) N h**(Q; E)}
with the norm
lully = lullne@peay + 1u® l|ne @) < oo

Here,
B = {ue BX L (R"; E), g(x) # 0}

and
A" Y(A) = ™ (R; Da(a, 00)), «€(0,1).

Remark 1.1. In order to formulate our result, let
hy ={v+g;9€h®R; E)}, hy*={v+g;9€h>R; E)}.
Assume that f € h2® given. Let uy denote the unique solution of the BVP
—Au+Au=0, Jyu=0onTly, wu=fonly,
where A is a linear operator in a Banach space E. Let

. [Filk
T @A+ AP+ 1£02)

and define
V,={feCiR; E)}, f(x)#0, 0yuys(z, f(z)) <k for x € R.

It is clear that u,, = v. Hence, v € V,,. More precisely, by following [Lemma 5.10]
it can be shown that V,, is a open neighborhood of v in h%?(E) and that

diampzs(V,) = sup |lg—v
g,veEV,

Suppose now that (u, f) is a classical solution of (1.1)—(1.2). We call (u, f) a
classical Holder solution on J if it possesses the additional regularity

feCJ; V,)nCHJ; kb, w(t,.) € W>*(R; E), te.J.

We will prove the following main result

hs,2 = OQ.

Theorem 1. Given fy € V,,, there exist t™ = t*(fo) and a unique mazimal classical
Holder solution (u, f) of problem (1.1)-(1.2) on [0, t*). Moreover, the mapping
(t, fo) = [ defines a local C*®-semiflow on V,,. IftT < oo and f: [0, tT) =V, is
uniformly continuous then either

li t, . o = lim inf t,.) — o = 0.
Jim 17 lee =00 or T inf £t ) — vl

In the first stage, we transform problem (1.1)—(1.2) into a nonlinear problem on
a fixed domain
df

x +O(f) =0, f(0)=fo (1.4)

with respect to only the unknown function f, which determines the free boundary
I'y, where O is a nonlinear operator in £. By using the solution of the problem
(1.4), we will show the exsistence of regular solution of the free BVP (1.1)—(1.2).
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2. TRANSFORMED PROBLEM
Let v = v(t) > 0 be fixed. Define
G, = {g € O (R; B), v(t) + g(x) # 0}

Consider the following transformation

/

— @ ) =z ) = (21— —L for (z/,y') € Q. (2.1
(w2 0) = ol ) =y ) = (1= L) ey
It is easily verified that ¢, is a diffeomorphism of class C? which maps Q, onto

the strip @ =R x (0, 1). Moreover,
(@, y) =7 a, y) = o, (@, y) = (2, (1 - y)g(z)) for (z,y) € Q.
Pt = pIu = u(<pg_1(x, y)) forue WE(QQ; E(A), E).
Let u be an E-valued function defined on ). Here, Uy, denotes the restriction of u
on I';, where

(2.2)

F,L:RX {Z}, Vil = U|p, ’LZO, 1.
Lemma 2.1. Given g € ®, and v € C*7(Q; E(A), E). Under the transformation

(2.2) the operators in (1.1) are transformed into the following:
B(g)v = —¢ (A + A)(pg xv) on [0, T) xQ,
Bi(g)v = ¢1((V(py), 1)) on (0, T) x I,
where ng = (=g, 1), n1 = (0, —1) denote the outer normals according to I'y and
Ty, i.e.,

(2.3)

a * 8 *
Bo(g)v = ¢ (ax@gv + aysOgv) on (0, T) x Ty,
(2.4)

Bi(f)v = ¢l(=5-p4v) on [0, T) x I'y.

Lemma 2.2. Given g € ®, and v € C*7(Q; E(A), E). Under the transformation
(2.2) the problem (1.1) is transformed into the following:

B(f)v=—¢! « (A+ A)(p,+v) =0 on[0,T) x Q,
v=f on|0,T)xTy,
Bi(f)v=0 on[0,T) x I}y,
lim v(t, 2) =0 on [0, T), (2.5)
Z—r00
% + Bo(g)v=0 on (0, T) x Ty,
g(0, .) =go(x) onR,
A pair (v, g) is called a solution of the problem (2.5) if
g€ Gy((0, T); @) N GV (0, T); GV (R)),
U’<t7 )GW;t?(Qf(t)vE)a te [Oa T)
and (v, g) satisfies (2.5) a.e. on [0, T) x Q.

(2.5.0)
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Condition 2.1. Assume the following conditions are satisfied:

(1) Yo7 oy aij&i&y = CIE?, for § = (&1, &, ..., &) € R™ and C' > 0;
(2) operator A is a p-positive operator in a Banach space F for some ¢ € (0, 7.

In a similar way as in [9, Lemma 2.2], we obtain

Lemma 2.3. Assume that Condition 2.1 is satisfied. Then for given g € ®, we

have ,
0%u ou
B = ii(g) ———— Ayu,
7 (2.6)
2 ou
Bl(g)u: b]l(g)ﬁhaiﬂ Z:Oa 17
j=1
and
2
> aij(9)6i; = ag)lEl?,  for € = (&1, &2, ..., &) R,
ij=1
where a(g) > 0, v; are trace operators from Q toT';, i =0, 1,
B9z, 1+ B%g;
= 1 = = — = P = 1 —_
an(g) =1, a2(g) = an(9) = rpt az2(9) tg? B Ty,
ﬁ |: 2921 :| 1+ 92
— r171 | b = —Yx1» b :77$1’ 2.7
az(g) el it ot 10(9) = —g 20(9) vtg (2.7)
1 1
bilg) =0, bulg)=——, alg)= - Alg) = Algy).
11(9) 21(9) V+g (g) 1+ (1/+g)2 +629;%1 (g) (909)
3. ABSTRACT ELLIPTIC EQUATION IN THE FIXED DOMAIN
In this section we study the elliptic BVP
2
0%u ou
B [ .. _ A = .1
(== 3 o) g + a0+ A= . (3.1)
2 ou
J

j=1
where B(g) and B;(g) are differential operators defined by (2.6).

We will derive a priori estimates as well as isomorphism properties in framework
of abstract Holder spaces.

Condition 3.1. Assume that the following conditions are satisfied:
(1) aij € CO’Q(G), Qj5 = Qg5
(2) Yo7 =1 aij(9)€&5 = Clg) |, for & = (&1, &, ..., &) € R™ and C(g) > 0;
(3) operator A(g) is uniformly positive in a Banach algebra E for some ¢ €
(0, .

Below, 0B(g)[t, .v] denotes the Gateaux derivative of operator function B(g)
at v in the direction of v.
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Lemma 3.1. Suppose Condition 3.1 is satisfied and A(g) is Gateaux differentiable
for g € hé’o‘, a € (0,1). Then the transformation g — Oo(g) = {B(g), Bo(g)} is
a bounded linear operator-function from Y into X x hY*(A) and has continuous
derivatives of any order with respect to g € h?{,’o‘, i.e.

B(.) € C*(hg™; L(Y, X)),  Bo(-) € C*(hg"; L(Y, E))

and
_ _ 2/ gzl U l 2)
oB(g) o] = @Bl = 2L (2 Yo (S 002)
gz ozt + 40:Us | Ugy
v +99I“f”>“m (<u o2 20wtg) 2 )“} T 0A(g)lu v,
2
8BO(9)[“7 U} = —UgUgzy + %j_g |:U(i__::gl) - 29xuz:| Ugy

for g e hi’aand u, veY.

Proof. Tt is clear that (¢, v) — v is bilinear and continuous from h*® into Y.
Moreover, the function
1

—
g v tg

is continuous and is infinitely differentiable from h® into Y. By using the definition
of the space Y and Lemma 2.3, we get that for all fixed g € hé’a the operator
u — B(g) is bounded linear operator from Y into X. So, we obtain that

B(.) € C®(h3™, L(Y, X)).
Hence, in view of Lemma 2.3, we obtain

Bo(.) € C=(hg", L(Y, E)). m
By using [4, Theorem 2] we obtain the following:

Theorem 3.1. Suppose that Condition 3.1 is satisfied and « € (0, 1). Then for
A € S(p) and for sufficiently large |A|:
(a) the operator u — O(g)u = {(B(g)+Nu, vou, (n+9)Bi(g)} is isomorphism
from'Y onto X x h>%(A) x ht*(A);
(b) for u > 0 the operator u — {(B(g) + Nu, pyou, (n + g)B1(g)} is isomor-
phism from'Y onto X x h?%(A) x ht(A);
(¢c) foru €Y there exists a positive constant C, depending only on g, n, p and
E, such that the coercive estimate holds:

lully < C(I(B(9) + Mullx + [houllnz.ee) + |(v + 9)Brullarex)- (3.3)

Proof. Indeed, since the domain @ is a strip, g and 7 are fixed smooth functions.
By virtue of trace theorem in Hoélder space [16, §2], we obtain the assertion. O
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Consider now, the following BVP

- 22: a*’(g)ﬂJraz(g)afquA(g)u:F (3.4)
=1 * 6‘%8% 8952 ’
2 ou .
Biu = Zbﬁ(g)%T =0, i=0,1, (3.5)
= i
22: +as(9) 2% 4 Afg)u =0 (3.6)
= Bxl(?xj 0xo ’
2 2 au
2; 8% =1, ;bﬂ(g)vla—% = 0. (3.7)

Consider the operators S(g) and K (g) generated by problems (3.4)—(3.5) and (3.6)—
(3.7), respectively, i.e.,

D(S(g))={u€Y, Bu=0,i=0,1},

2 0%y ou
=D ai 390,8:1@ (9)87502 + A(g)u
7,j=1
and } i
D(K(g)) ={u €Y, Bu=0, Byu=0}, K(g9)u= Bou € Bop.

From Theorem 3.1 we get that the inverse operators O~'(g), S~(g), K~'(g)
are bounded from X x h?*(A) x h1*(A), X, h»*(E) into Y, respectively.
Put
O(g9) =07'(9), S(9)=5""(9), Kl(g)=K"(9)
Assume g € hi’a(]R; E), ¢ € Dy(a), and put u = K(g)v. Then u is the solution
of the BVP (3.6)—(3.7).

Condition 3.2. Assume A(g) is Gateaux differentiable for g € h3%, a € (0, 1)
and the operator A(g) is uniformly R-positive in UMD Banach algebra F.

Lemma 3.2. Suppose that Conditions 3.1 and 3.2 are satisfied. Then, we have
K(.) € C=(h3t™ L(E,Y))
and
OK(g)[v, ¥] = =S(9)0B(g)[v, K(9)Y]
forgehi’a,weE andv €Y.
Proof. Tt follows from Lemma 3.1 and Theorem 3.1 that the map g — O(g) is an
isomorphism from Y onto X x h*%(A) x h1:*(A) and has continuous derivatives of
any order with respect to g € hi_’a, ie.,
O € C*=(h2*; TsomY, X x h*(A) x h1(A))

and

00(g)y = {0B(g)[y, ], 0, 0} for ¢ € h**(A).
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Then by reasoning as Lemma 3.4 in [J], we obtain the assertion. O

4. THE NONLINEAR OPERATOR FOR FREE BVDPs

In this section we introduce the basic nonlinear operator and we derive some
properties of it.

Moreover, we show that the corresponding evolution problem involving this op-
erator is equivalent to the original problem (1.2). Given g € hi’a, we define the
following operator

O(g9) = Bo(9)K(9)g-
From Lemmas 3.1 and 3.2, we get that

0 € C=(h%*, h(E)). (4.1)
2,

Assume that go € h}“, and let 0 = [0, 7). A function ¢ — Bjg is a classical

solution of p
T +0(g) =0, 9(0) =go (4.2)

iff g € C(o; h32™)N C'(o; h?*(E)) and g satisfies (4.2) pointwise.
Lemma 4.1. Assume that Condition 3.1 is satisfied. Then for go € hi’a:
(a) if g is a classical solution of problem (4.2) on o and if
o(t, ) = K(g(t, ))g(t, ),

then the pair (v, g) is a classical solution of (2.5) on o, having the addi-

tional regularity
g € Cla; hy™) N CH (o5 ), (43)
u(t, )€Y, teo; '

(b) if (v, g) is a classical solution of (2.5) on o having the regularity (4.3),
then g is a classical solution of (4.2) on o.

Proof. The proof is obtained from Lemma 2.2 and definitions of the spaces B,
1 =20,1and Y. For fixed g € hg consider the operator

v — Bo(9)K (g)v. (4.4)

In view of Theorem 3.1, we have
Bo(9)K (g) € L(h**(A), h**(A)). (4.5)
O

Lemma 4.2. If Conditions 3.1 and 3.2 are satisfied, then O € C’oo(h%r’a7 hte(A))
and

90(g)y = Bo(9)K(9)1 + 0Bo(g)[v, K(g)1] — Bo(9)S(9)0B(g)[v, K(g)¥] (4.6)
for g € b3, ¢ € h»*(A) and v €Y.

Proof. The assertion is obtained from Lemma 3.1 and Lemma 3.2. O
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5. LINEAR EQUATION WITH CONSTANT COEFFICIENTS

We put
R = {z = (21, 22) € R?, 25 > 0}.

Consider the problem

2 0*u
_ i 1+ A 20 = .1
Z ajamié)xj+ u+ pu =0, (5.1)
3,7=1
u(z1, 0) = (z1), x€RE, (5.2)

where A = A(g)(zo, 0), ai; = ai;(g)(zo, 0) and a;;(g) are defined by (2.7) and
Y € h»*(A). By applying the Fourier transform to the problem (5.1)—(5.2) with
respect to x1, we get

d%i o du .
_GQQdTﬂ + 26112277@ +(A+n?+p?)a =0, (5.3)
a(n, 0) =4(n), neR, yeRy, (5.4)

where x9 and 4(n, x2) are denoted by y and 4 = 4(n, y), respectively.
Let

P(&) = & + 2012616 + a3 for & = (&1, &) € R
There exists an a > 0 with
p(&) = al¢* for all € € R2. (5.5)
Condition (5.5) implies that
aly — ag = a. (5.6)
Moreover, we define
@1y A) = —ageA? + 2a12in\ + p® + 7> + 1 =0. (5.7)

Remark 5.1. Given n € R and z € C, then in view of (5.5) there is exactly one
root of the equation (5.7) with positive real part. It is given by

A, 1) = da(n) +b(n, p), (5.8)
where )
aln) = =22, b0, 1) = a1+ 4%) + (o, — az)i’] -
We put

X = ho(R2; B), ¥ = h2(R2; E(A); B),
Nyu(n, y) = exp{=A(n, w)Ai (n)y}-
The main result of this section is the following:

Theorem 5.2. Assume that Condition 3.1 is satisfied. Then problem (5.1)—(5.2)
has a unique solution u € Y for 1) € h*“(A) and u is represented by

w(z1, 22) = (Ko + p®) = F Ny (n, z2) Fy(n).
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Moreover, the following estimate holds:

2 2
>l o
=0

8xi<?a:j
For the proof we need some preparation. Put
A=A = A+ ® + 0 qo(n, y) = ANL(n, y),
q;(n, y) = [uP I Nu(n, y).

We need the following lemmas.

2

DY

&
J
onllx 55

_F[Aull g < Clllnzaay.  (5.9)
X

Lemma 5.1. Assume that Condition 3.1 is satisfied. Then there exists a unique
solution u(n, y) of (5.3)—(5.4) expressing as

a(n, y) = Nu(n, y)(n). (5.10)

Moreover, the following estimate holds uniformly in n:
2

Al pe gy iy + > P N0D oy ) < CllPln2o ) (5.11)
=0

Proof. In view of the positivity property of operator A we know that —AZ (n) is an
analytic semigroup in E (see for example [24, §1.18]). Then the equation (5.3) has
a solution & = U, ,(y)¥(n) on (0, co), where

Uy u(y) = exp{=A(, ) AZ (n)y}b(n)

and A(n, p) is a root of (5.7) with positive real part. From the above expression
and the properties of analytic semigroups, we get the uniform estimate

2
| Al po (., By + Z \u|2_]||ﬁ(])||ha(R+;E)

7=0
<Cyosup ' " AUMY( 0)llne e m) < Cllllnze ),
n€l0,1]
where U(y) is a semigroup generated by —A. O

Lemma 5.2. Assume that Condition 3.1 is satisfied. Then operator functions
q0(n, y) and q;(n, y) are Fourier multipliers in h*(R; E) uniformly with respect to
AS R+.

Proof. In view of (5.6) and Remark 5.1, we get

< Cl7
B(E)

sup (1 +|n)=
nER,yeRL

d%[q()(% )

1
sup (1 +n)2
nER,yeRL

< Ch.
B(E)

d% g5 (n, y)]

Then in a similar way as in [27, Ch. 4, p. 96] we can prove that the operator function
q0(-, v), g (., y) are multipliers in A*(R; E) uniformly in y € R} and p € R. O
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Let
Po(y) = llao(, Ylarhe®ey), i) = la;( Yllarne @;Ey)-
Lemma 5.3. Assume that Condition 3.1 is satisfied. Then
Do(y) — 0, ®;(y) = 0 as y — occ.

Proof. Indeed, by properties of Fourier multiplier operators from in h*(R; E) and
the theory of analytic semigroups there exists w > 0 such that

llgo (., I nere @)y < CL(AM, w)ly) ™" exp{—w|A(n, p)ly}, (5.12)
g5 (o ) lIaz(ho sy < ol (1 + 0?) % exp{—w|A(n, w)|y}-

By estimates (5.12) and Remark 5.1, we obtain the assertion. O
Proof of Theorem 5.1. By Lemma 5.1 the problem (5.1)—(5.2) has a solution

u(zy, 22) = (Ko + ) = F N, (n, 22)9 ().

By Lemmas 5.2, 5.3 the operator-functions ¢o(n, y) and g¢;(n, y) are Fourier mul-
tipliears in h*(R; E) uniformly with respect to y € Ry. Then from the estimate
(5.12), we have the assertion. O

Let Ko, = Kou(zo) denote the inverse of the operator Ko (wo) + p?, i.e.,

Kou(xo) = [Ko(wo) + %]~

Result 5.1. From Theorem 5.1 we deduced that the opertor v — Ky, u is bounded
from h>%(A) into Y and the following estimate holds:

2

>
)

4,j=1

07 Ko,

J
oxq

Koy
81‘1‘8]33'

2
> P
=0

B(h?(A),X B(h?>(A),X)

+ | AK ol p(r2.e ), %) < C-

Consider now the BVP

2

82
B(xzo)u = Z —aijaTaq;_ +Au+pPu=0, zeR2,
i,j=1 v

7] 0

Bo(wo)u = {blaxlu(x) + bgu(x)}

81‘2 = w(ml)v

where
A= A(g)(w0, 0), aij = aij(g)(x0, 0), b = bi;(g)(wo, 0) (5.13)

and a;;(g) are defined by (2.7).



76 V. B. SHAKHMUROV

6. REGULARITY PROPERTIES OF ABSTRACT ELLIPTIC OPERATOR WITH
CONSTANT COEFFICIENTS

Consider the operator
u— O1u=u— O1(9)u = Bo(g9)K(g9)u.

Here, O19 denotes the constant coefficients version of O; fixed in (z, 0) by (5.13),
ie.,
u — 010u = 01 (Z‘o, 0) = BoK(g)(l‘o, O)U

Here,
O1u = (01 + 12)u, O1opu = (010 + ©w)u,

K, = K(g(z0, 0), Ku(g) =[K(9) +p* "
Put
ay(n, p) = by (zo)n — ba(x0) A(n, p)-
We show the following result:

Theorem 6.1. Assume that Condition 3.1 is satisfied. Then the operator u —
(O10 + pu?)u is an isomorphism from h**(A) onto ht*(A). Moreover, the uniform

estimates
+ [[Au)lproay < Cll(O10 + 1) ullp2. 4y,

1
>~
; hbe(A) (6.1)

Cillullpz.aay < 020 + pgullpreay < Collullpz.ea)
hold for all w € h**(A) and p > 0 with sufficiently large po.

O'u

i
o0z}

Proof. In view of Lemma 3.1 and Theorem 5.1 it is clear to see that the problem
(010 + p)u =1
has a unique solution u exspressed as
u=F"tai(n, )N, x2) Fp(n).
By Lemmas 5.1-5.3 and by multiplier result in [5], we get that the operator functions
lu|?>~n' K (n, v3) and AK (n, 22) are multipliers in 2% (R; E) uniformly with respect
to x2 € Ry, where
K(n, z2) = a1(n, u)Nyu(n, z2).

Hence, we obtain the estimate

1
> P
1=0

Moreover, by definitions of the space h?(A) we get (6.1) and the estimate

+ [ Aoullpraay < C(Oro + 1) ul| 2o (a)-
Rl (A)

Ozt

010 + pgullpro(ay < Callullpz.oa)-

Then in view of the above estimate, by reasoning as in Theorem 5.1 we get the
assertion and corresponding esimates. O

By reasoning as in Theorem 6.1 we obtain



FREE BOUNDARY VALUE PROBLEMS 7

Theorem 6.2. Assume that Condition 3.1 is satisfied. Then the operator Oy is
positive and —O1g is a generator of an analytic semigroup in hH*(A).

Proof. Indeed, for positivity of the operator Oy in h**(A) we need to show the
estimate

1010 + 1) M B(nroay < Cu~?,

i.e., we have to prove the estimate
[ullpz.aay < Cpll(Or0 + 1?) " ullpraay

for u € h*(A). By reasoning as above, we get that the function u?nas(n, p) is a
multiplier in A%(R; E) uniformly with respect to z2 € Ry, where

az(n, x2) = a1(n, p)N.(n, v2).

So, the operator Oy is positive in h1'*(A). Then by [24, §1.18] we obtain that
—0qp is a generator of an analytic semigroup in h1:%(A). O

Here
Q2u = O2(g)u = 9Bo(g)[u, K(g)g] (6.2)

for g € K3 and u € h>(A).
Consider the operator Oy that is a constant coefficients version of Oy with fixed
point (xo, 0) by (5.13), i.e.,

Oa0 = O20(g) = 9Bo(9)[-, K(g)gl(z0, 0) (6.3)

for g € h>*(A).
We prove the following result:

Theorem 6.3. Assume that Conditions 3.1 and 3.2 are satisfied. Then the opera-
tor u — (Oag + p?)u is an isomorphism from h*<(A) onto ht*(A). Moreover, the

following estimates hold:
1
Dol + || Aoullpr.e 4y < Cll(O20 + p®)ullpz.e ),
i=0 ht-a(A) (6.4)

Cillullnz.a(ay < 020 + pgullpraay < Collullpz.aa)

ort

for all u € h?*(A), for sufficiently large pg and p > 0.

Proof. By Lemma 3.1, we have

Ogou = —%uzl + %(Alu + Asu), where
(1+¢2)u 1 (6.5)
v U(g) (9)97 1U l/+g ) 2U 1/+g Gy Uz

vo = vo(g) = K(g)(x0, 0)g,



78 V. B. SHAKHMUROV

By using Lemmas 5.1-5.3 we get that the operator function

(n* 4+ 1® + Aou)[n + Aw)ar (n, 1)]Now(n, z2)

is a multiplier in A%(R; E) uniformly with respect to xo € Ry, where

Aoy = Aop(n) = A+ 1 + 07, Now(n, y) = Ag,2 (n) exp{—A(n, n)AZ,(n)y}. (6.6)

Then by reasoning as in Theorem 6.1 we obtain the assertion. (]

From Theorem 6.3, we obtain

Result 6.1. Assume that Conditions 3.1 and 3.2 are satisfied. Then the operator
Oy is positive and —Osq is a generator of an analityc semigroup in h1:*(A).

Consider first of all, the BVP

2
82
N g (A Pt e =V (), (6.7)
k=1 8$ka$j

u(zy, 0) =0, = (z1,22) € R, (6.8)
where A = A(g)(zo, 0), ar; = ar;(g)(zo, 0) and ay;(g) are defined by (5.13).
Let Sop = S(g)(xo, 0) denotes the realizasion operator in X generated by (6.7)—
(6.8) for 4 =0, i.e.,
2

D(So) =Y, Sou=— Y

k.j=1

0%u

i———— + Au.
ak]axka$j-+ Y

From [4, Theorem 2], we obtain the following:

Result 6.2. Assume that Condition 3.1 is satisfied. Then;
(1) problem (6.7)—(6.8) for sufficiently large x> 0 has a unique solution u € ¥

for V € X;
(2) the uniform coercive estimate holds:

1
> P
1=0

(3) the operator Sy is a positive and —Sj is a generator of an analytic semigroup
in K12 (A).
The estimate (6.9) particularly, implies that (So + p2)~! € L(X, Y).

2

St

X k=1

0%u
6xk8xj

_Fl[Auflx < COV]I%; (6.9)

ox %

O'u
7
1

Consider the inhomogeneous problem

2 0%u 9
— o 1A = 1
Y gy Aut ptu =V (o), (6.10)
k,j=1
yu=u(z1, 0) =¥(z1), z= (21, 72) € R3. (6.11)

Theorem 6.4. Assume that Conditions 3.1 and 3.2 are satisfied. Then the oper-
ator u — Gou = {Lou, yu} is an isomorphism from'Y onto X x h%“(A).
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Proof. From de~ﬁnition of X, Y, h?2(A), from expresion of Ly and by virtue of
trace result in Y [16, Ch. 2], we get

1Goull g xpraqay = lLoull g + [[yullnzeay < Cllully,

i.e., the operator Gy is bounded linear from Y into X x h?(A). Hence, in view of
Banach theorem it is sufficient to show that the operator Gy is injective and surjec-
tive from Y onto X x h%<(A). From Theorem 5.1 we obtain that the corresponding
homogenous problem Lou = 0, yu = 0 has a zero solution, i.e., the operator Gy is
injective. So, it remain to show that this operator is surjective. By Theorem 5.1
we obtain that problem Lou = 0, yu = v has a solution u; € Y for all W € h2%(A).
Moreover, from Result 6.2 we get that the problem Lou = V', yu = 0 has a solution
uy € Y for all V € X. Then u = u; +us is a solution of (6.10)—(6.11) that belongs
to Y, i.e., the operator Gy is surjective from ¥ onto X x h2(A). O

From Theorems 5.1 and 6.4 we obtain the following
Result 6.3. The solution u of the problem (6.10)—(6.11) is expressed as
u(r) = S1uV + SQ,#W’ —yu1),
where
S1,V =1 F X&)+ A+ p®)'FV,  So,v=F"'N,(&, x2)Fv,

here r is the restriction operator from R? into R and V = V(x1, z2) is an
exstension of V(x1, x3) on R? i.e.

~ V(;El, 1’2)7 lf L1, T2 € Ri’
V(xy, x2) =
( ! 2) {V(.’L’l, —.%'2), if X1, To € Ri,

N, (&1, z2) is the operator function defined by (5.8.0) and u; is a solution of the
equation

2
o ~
— g aijiu + Au+ pPu=V(z), zeR%.
k=1 8xk8xj

Let O3 = O3(g) be the operator in (4.6) defined by

Osu = Bo(9)S(9)0B(g)[u, K(g)g] (6.12)
for g € h2%(A) and u € Y. In view of Lemma 3.1 and Lemma 3.2 we get

Ozu = Bo(9)S(9)0B(g)[u, v], v =uvy(z)=(K(9)g)(z), where

o(a)lu, vl = 22| (22— 0, e

1 1 502 B (6.13)
Farg (5 A i gonte |t + 940 v
_ |: gglu Gz U + 492, Ua,

U
+ 25 g, o,
(v+g)? 2(v+9) 2 } 2}
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and

4
O3 = O3(9) = Z Osi(9)u,  Osi(g)u = Bo(g9)S(9)Gi(g), where

Gilo) = Galo)lu o). Galg) = 2 [(""fg - u)}

1
o= [ )-8
_ 2B
Gs(g) = maA(g)[% v,
_ 932:1 91111 491111%1 uwlwl
Gals) = ‘[(<u+g>2 IR e R }

Consider the operator Osg that is the constant coefficients version of O3 fixed in
(20, 0) which is defined by (6.12), i.e., from the above equality and from (6.13) we

get Osix = Bo(9)S(9)Gr(g)(zo, 0),

O30t = O30(g9)u = O301u + O3p2u + O3p3u + O304, (6.15)
where
Os0; = O3i(g(wo, 0))u.
Put
B0 0
w(z) = wy(x) = u—i—g(“)iwgvg(ml’ x2), (x1,72) €Q, wo=wy(z",0).

For u € h?®(A) define the operator by
Pru(zy, x2) = (Pi(g, 29)u) (21, 22) = Wy (@)t e~ 2.
For later purposes we need the following technical lemmas.
Lemma 6.1. Assume that Conditions 3.1 and 3.2 are satisfied. Then:
(a) P e B(h>*(4), X);
(b) There exists a positive constant C' = C(g) such that
[1P1w = Wik, 2, [| o 7,5y S CTllullnz.oa)
for all uw € h>%(A), r € (0, 1), where
U, =R%ZNU, (29, 0)
and U, (29, 0) denotes the two-dimensional ball with radius r centered at

(1, 0).

Proof. Indeed, from the identities (6.14) in view of Theorem 5.1 and by virtue of
the trace theorem in Y we get (a); then by using the integral mean value theorem
and the trace theorem we obtain

[Pru — wig, 2, ||ha(UT;E) < (we™ — w)ug, 4, ”ha(UT;E) < Orllullpzecay. O

Let
0A = 0A(z) = 0A(g)(x), Ao = 0A(g)(z10, 0).
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Lemma 6.2. Assume that Conditions 3.1 and 3.2 are satisfied. Then the operator
u — (O304 + p?)u is an isomorphism from h®®(A) onto hY*(A). Moreover, the

following estimates hold:
+ [[Aoullpraay < Cll(Oz0a + 1 )uln2.a(a),

|~
Z hl.a(A) (6.16)

Cl||u||h2=a(A) < [|Os04 + pgul| o4y < Callullpz.ea)

3u

for all u € h?*(A) and for sufficiently large ug, pu > 0.

Proof. From the identities (6.14) and Lemma 6.1 by reasoning as in [9, Lemma 5.3]
we get that the operator u — (P, + p?)u is an isomorphism from Y onto X. The
Theorem 6.4 implies that the operator u — [Sz,(g) + 1 2]G4ou is an isomorphism
from Y onto Y for sufficiently large > 0. Then in view of the trace theorem
inY we get that the operator u — [Os04 + ]u is an isomorphism from Y onto
h1:%(A). Moreover, in view of Result 6.3 by reasoning as in Theorem 6.1 we obtain
the estimates (6.16) for all u € h?*(A) and for u > 0 with sufficiently large pg. O

Lemma 6.3. Assume that Conditions 3.1 and 3.2 are satisfied. Then the operator
u — (Os03 + p?)u is an isomorphism from h*®(A) onto ht'*(A). Moreover, the
following estimates hold:

O'u
>~ + | Aoullpacay < Cl(O303 + p?)ullpzea (),
Z oz hl.e(A) “= “ (6.17)
Chl[ullpz.eay < (0308 + pgullprecay < Collul|pz.oay

for all u € h?*(A) and for sufficiently large pg, > 0.

Proof. From (6.14) by properties of positive operators we get that the map u —
(Gso + p2)u is an isomorphism from Y onto X. The Theorem 6.4 implies that the
operator u — [Sy,(g9) 4+ #2]G3ou is an isomorphism from Y onto Y for sufficiently
large ¢ > 0. Then in view of the trace theorem in Y we get that the operator
u — [Os03 4+ p?u is an isomorphism from Y onto hb*(A). Moreover, in view of
Result 6.3 by reasoning as in Theorem 6.1 we obtain the estimates (6.17) for all
u € h*%(A) and for > 0 with sufficiently large po. O

In a similar way as Lemma 6.1 and by reasoning as in [9, lemma 5.4], we obtain

Lemma 6.4. Assume that Conditions 3.1 and 3.2 are satisfied. Then the operator
u — (Ozor + p?)u is an isomorphism from h?%(A) onto hY'*(A). Moreover, the

following estimates hold:
+ | Aoul[pr.e 4y < Cl(Os0r + Mz)UHhM(A),

uf*~

Z hle(A) (6.18)
Cl||u\|h2,a(A) < ||Os0x + ppullpracay < Callullpzacay, k=1,2,

for all u € h?%(A) and pu > 0.

au
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Theorem 6.5. Assume that Conditions 3.1 and 3.2 are satisfied. Then the opera-
tor u — (Qz0 + p?)u is an isomorphism from h*“(A) onto ht*(A). Moreover, the

followmg estimates hold:
Z| 28 fAvulana) < €U0 + 1l
Rl (A) (6.19)

dxt
Cillullpz.o ) < 1030 + pgullpr.ocay < Collullpz.eay
for all u € h?*(A) and p > 0.

Proof. From the identities (6.13)-(6.14) and from Lemmas 6.2-6.4 we get that the
operator u — Kj,,(g)u is an isomorphism from Y onto X. Theorem 6.4 implies
that the operator u — [Sy,(g) + #1*]K1s,(g)u is an isomorphism from Y onto Y
for sufficiently large 4 > 0. Then in view of trace theorem in Y we get that the
operator u — [Oso + p2]u is an isomorphism from Y onto h'*(A) for sufficiently
large pp and p > 0. O

From Theorem 6.5 we obtain

Result 6.4. Assume that Conditions 3.1 and 3.2 are satisfied. Then the operator
O3 is positive and —Oszy is a generator of an analytic semigroup in h%(A).

From Theorems 6.1, 6.3 and 6.5 we obtain

Result 6.5. Assume that Conditions 3.1 and 3.2 are satisfied. Then
Oro + po € H(hW*“(A), h"*(A)), k=1,2,3,

for sufficiently large pg > 0.

In view of Theorems 6.3, 6.5 and by Lemmas 2.3, 3.1 and Theorem 3.1 we obtain
Result 6.6. Assume that Conditions 3.1 and 3.2 are satisfied. The estimate

1020(9) + O30(9) + poll Bn2.o(a),n1.a(a)) < Cllglln2.o(a)
holds for all
g € By C h*“(A).

Let
Oo = Op1 + Op2 + Oops.

Now, we will show that
Op € H(h**(A), h»*(A)).
Theorem 6.6. Assume that Conditions 3.1 and 3.2 are satisfied. Suppose

a(g)(z) o
Woll s (a) < —INT)_ _ Q0
wollpace) az(g9)(z, 0)  ag

Then the operator u — (Qo + u?)u is an isomorphism from h®%(A) onto ht:*(A).
Moreover, the following estimates hold:
+ [ Aoullpr.a 4y < Cll(Oo + i )ullpz.o )

Z| i ,
hle(A) (6.20)

Cl||u||h2 a4y < |00 + piullprecay < Callullpz.eay
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for all u € h>*(A) and for sufficiently large uo, pn > 0. Particularly, the operator
Oy is positive and —QOy is a generator of an analytic semigroup in ht:*(A).

Proof. Indeed, by using Theorems 6.1, 6.3, 6.5, Results 6.3, 6.5, by reasoning as
in Lemma 5.4, Theorem 5.6, Corollary 5.7 in [1] and the perturbation results for

space H(h*%(A), ht:*(A)) we obtain the assertion. O
Let
W,=<geh>® in t iv (x, 0) + ky(z) >0
=Y + 71‘6(—00,00) y+g@a:2 gy g ’
by(a) = —2W@ o)

az(g)(z, 0)’
Remark 6.7. Suppose that g € W;. Then

o
< —

Wy = wgy(z, 0) for z € (—o0, 0).

From Theorem 5.1 we know that there is a constant M > 0 such that
1K ()| Bh26 (0 m), p28 i)y < M, B € (0, )
for all g € hi’ﬁ satisfying ||g||2.6 < x. Now define

o — (n —x)*x
2M 1+ (n+x)? + X2 (1+x)?

7. COERCIVE ESTIMATES FOR THE LINEARIZATION

It is clear that Oy = O19 + O29 + O3¢9 may be viewed as a principal part of
the linearization of 90(g) with coefficients fixed in (z°, 0). Our main goal in this
section is to prove that the operator O belongs to the class

H(h**(A), hb*(A)).

We use the estimates of local operators in the preceding section to derive coercive
estimates for the linearization operator dO(g). Let

90(g) = O1(g) + O2(g) + Os3(g),

where
O1(9) = Bo(9)K(g9), O2(g) = Bo(g)[., K(9)g],

O3(9) = —Bo(9)S(9)90B(g)[., K(g)g]-
Given g € K2 and t € [0, 1], set
90" (g) = O1(g) +tdBo(9)[., K(g9)g] — tBo(9)S(9)0B(9)I., K(g)g]

and observe that

90 (g9) = 90(g).

Let § > 0 be given and let {V}, ¢;, j € N} denote d-localizasion sequence for
S = Rx(—g, g), the covering {V}, j € N} has finite multiplicity, diam U; < §, and
{Vj, ¥j, j € N} is a partition of unity on S with . ¢;(z) = 1. Moreover, we fix
x1; € R such that (z;, 0) € V}, j € N.

Here, we will prove the following result:
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Theorem 7.1. Assume that Conditions 3.1 and 3.2 are satisfied. Suppose that
Wy € Wy is compact, B € (0, a) and that k > 0. Then there exist 6 € (0, 1], a

d-localization sequence {V;, v;, j € N}, B € (0, o) and a positive constant C' =
C(Wo, M, §) such that

[|1¢;00¢(9) — Ox (g, xlj)@j]Uth,a(A) < Ellojvllpz.aay + Cllvllpzsa)
for allv € h**(A), j €N, t € [0, 1] and g € Wy.
For proving Theorem 7.1 we need some preparation. Let
Aj = 0A(g)(x15, 0).
Consider the equation
(O(g) + wyu=f (7.2)
for

f=10(9) + plu € Byy.
From (7.2) for u; = up;, u € Da(a) we get

3 3
(O(g9) + mwuj =Y Oxlg)uj + puj = > Fij + f.p;, (7.3)
k=1 k=1
where
0 0
Ry =] (052 +032) 00, Uilo) = Ko
Qv 905 29w Ov Op; — o(g) =
FQJ_’Y_ 6:01 axl +V+981'2 aml u _U(g)_K(g)g7 (74)
0 0
Py = | (52 + 0 32) 00| Uate) = S@0B(@, Klghal

By freezing in (7.3) coefficients at points (z1;, 0) we have localized equations

(O(z1;) + p)u; = Fy, (7.5)
where
Fy= Zij+fs03+Z Okj — Oj)uj,
(01 — O1)u; = BO( K — K(g )] u; + [Boj — Bo(9)]Kju;,
(O2) — Oo)u; = (g% - %) a‘zluj (% = %)(Al Ay, O
(O35 — O3)u; = 24:(031']‘ — O3;)uy;
i=1
here,

Osij = Bo(9)S(9)Gi(g)(z15, 0),
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and Os;;, G; are defined as in (6.14); moreover,

O(w15) = O(w1;, 0 Z Ok(9)(@1j),  Ok(15) = Ok(g)(w1, 0),
Bo;j = Bo(g)(z15, 0), Kj = K( )15, 0), v =v;(g) = K(g)(z1;, 0)g,
S; = 8(g9)0B(g)[., K(g)g)(z15, 0),

Oy (1) are local operators fixed at points (21, 0) defined by equalities (6.3), (6.5),
(6.14), (6.15), respectively. From expressions of F}, K(g)(x1;, 0) by using (6.3),
(6.5), (6.14), (6.15) we get that F; € h1*(A).

For proving Theorem 7.1 we need the following lemmas.

Lemma 7.1. The operator u — (O(z1;) + u*)u is an isomorphism from h*<(A)
onto h1*(A). Moreover, the following estimate holds:

1 .

;|| 0%u
> lul? Fye + [ Ajullpecay < CIO(1;) + p2)ulpreay (7.7)
i=0 LRl (A)

for all u € h?*(A) and for sufficiently large pn > 0.
Proof. Consider the equation
(O(z15) + p?)u = f.

Then, by virtue of Theorem 6.6 we obtain that the operator u — (O(z1;) + p?)u is
an isomorphism from h?%(A) onto h1*(A) and the estimate (7.7) holds. O

Lemma 7.2. There is a positive € € (0, 1) such that the following local estimate
holds:

[(O15 — O1)ujllnrecay < el Kjujllptacay- (7.8)
Proof. From (7.6) we get
[(O15 = O1)ujllna(ay < |1Bo(9)[K; — K (g)]ujllnteay +1[Boj — Bo(9) Kl ptaay-

Then considering the expressions By(g), Boj, K(g), K; and in view of smoothness
of coefficients, choosing § sufficiently small, we have

[(O15 — O1)ujllnraay < |1Bo(g) K — K(g)]ugllnre(a

0 0
+ H(bl — bl])a K; U H by — bgj)ia KjUj
T Rl (A) T2 Rl (A)
€<H8Ku 8Ku )<5||Ku|| O
— K u; < iUillp2aa).
61‘1 7 hl,a(A) 8.132 J hle(A) R lIR%(4)

Lemma 7.3. There is a positive € € (0, 1) such that the following local estimate
holds:

(025 — O2)uj|[nra(ay < ellullnraay- (7.9)
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Proof. From the (7.6), we get

v, vy 0
Og; — O ui||hiaay < || — — =— ) —u,
1102, = Oastinecn < | (552~ g )]

8Uj 8v
(872 - 372)“1 +Az)u;

Then, by using the smoothness of coefficients and choosing § sufficiently small,
we get the estimate (7.9). O

hl,a(A).

Lemma 7.4. There is a positive € € (0, 1) such that the following local estimate
holds:

(035 — O3)ujllnra(ay < ellullnraay- (7.10)

Proof. From expressions (6.13)—(6.14) we get

4
1035 — Os)ujllnreay < D (Osij — Osi)uj [y (7.11)
1=1

Moreover, from expressions Os; and Gy in (6.14) by boundedness of functions g,
v, B we have

(0315 — O31)uj[ 1.0 a)

<@ 0 - m@swE(n+g2)|
c{ IBal)S @)1 0) = Bol0)S0) @ .
+ ||B0(g)S(g)(:1:)[uJ(z) - uj(zljﬁ O)]th,a(A)
R e

+[Bans@ @52 - st 0]

hLe(A) }

Then by boundedness of operator By(g)S(g), smoothness of coefficients, choosing
0 appropriately, we obtain

H(Oglj — Ogl)uj'th,a(A) < €||Uj||h2,a(A). (712)
In a similar way, from expressions Ozz and Gs in (6.14) we have
H(O32J ng)uth1 a(A) X E”uj”hZa(A) (7.13)

In view of the condition on the operator 9A(g), boundedness of the operator
By(g)S(g), smoothness of coefficients, choosing § appropriately we obtain

(0335 — O33)ujl|p A (a) < €llUjllDacar- (7.14)
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Finally, from expressions O34 and G4 in (6.14) by boundedness of functions g,
v, B, we have

(0345 — Oza)uj[|nra(a)

< CH(BO(Q)S(g)(xU, 0) — Bo(9)S(9)(x)) (Uj + ;’%‘j + ?;Z%j)

Rl (A)
< {1B0(9)5(0) (215, 0) = Bal)S @@

+{|Bo(9)S(9) (@) [u; (%) — uj (w15, 0)][| 1.0

Ou;
+ |[[Bo(9)S(9) (w15, 0) = Bo(9)S(9) ()] 5+
T llnte )
Ou; 0
B Z )
#|mioswe |G- grmesol|
82uj
+||[Bo(9)5(9) (210, 0) = Bo(9)S(9)(2)] 53
L1 1D a()
82Uj 82
+ || Bo(9)S(9)(z) 022 _Tx%uj(l'ljvo) . <ellujllpracay oo (7.15)
Then the estimate (7.10) is obtained from (7.12)—(7.15). O

Now, we can prove Theorem 7.1.

Proof of Theorem 7.1. By virtue of Theorem 6.6 the estimate

1
> lu
1=0

holds for any solution u; € h**(A) of the equation (7.5).
Whence, using smoothness of coefficients of equations (7.3)—(7.6), in view of
Lemmas 7.1-7.3 for p with sufficiently large Re p > 0, we get

1
[ Fjllnacay <e [Z >
=0

Moreover, by applying the microlocal analysis in a similar way as in [9, Lemma
6.5—6.7] we can obtain the same estimates for corresponding commutators operators.
Then from this and from (7.16), (7.17), we get the assertion. O

'
y + [[Aotjllpr.oay < CllEj|lproa) (7.16)
1

Rl (A)

Ot
= + 1 Ajujllnrecay | + I1f-willntecay- (7.17)
i (A)

From Theorem 7.1, we have

Result 7.1. Assume that Conditions 3.1, 3.2 are satisfied and K C W is compact.
Then there exist positive constants pp and C = C(K) such that

[vllnz.e(ay + lllvliprecay < Cll(s+ 00:(g))vllp1.e (a)
for all v € h»*(A), g€ K, t€ [0, 1] and p € {z: Rez > puo}.
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Now, by reasoning as in [9, §6, p. 32] and by using Theorems 6.1-6.6, 7.1, we

obtain the assertions of Theorem 1.
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