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NONLOCAL SEPARABLE ELLIPTIC EQUATIONS AND APPLICATIONS

V.B. SHAKHMUROV!2:3, H.K. MUSAEV*

ABSTRACT. The regularity properties of nonlocal elliptic equations are investigated in abstract
weighted L, spaces. Here, we find sufficient conditions that guarantee the separability of the
linear problems. We prove that the corresponding nonlocal elliptic operator is sectorial and
is also a negative generator of an analytic semigroup. In application, the maximal regularity
properties of the for degenerate abstract equation in Lp norms, and infinite systems of degenerate
elliptic integro-differential equations with parameters are obtained.
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1. INTRODUCTION, NOTATIONS AND BACKGROUND

In recent years, regularity properties of abstract differential equations, especially elliptic and
parabolic type have been studied extensively in [1, 3, 5, 6, 11, 12, 16-19, 23] and the references
therein. Moreover, nonlocal (or convolution) differential equations have been treated in [3-10,
14-18, 19, 21] (for comprehensive references see [14, 15, 21]). Convolution operators in Banach-
valued function spaces studied in [3, 12, 17, 18, 20-23]. However, the nonlocal differential
operator equations are relatively less investigated subject. In [13, 17, 18] the regularity properties
of degenerate nonlocal differential operator equations are studied.

The concept of non-locality in equations considered here, because of our equations involve the
convolution terms, i.e. integral terms that connects the values of the solution at various points
with each other.

The main aim of the present paper is to study the maximal regularity properties of the linear
nonlocal differential operator equations with parameters

Zaaaa*Dau—i—A*u—i—)\u:f(x),xER" (1)
| <l
in weighted L, , spaces, where a, = aq (x) are complex-valued functions, [ is a natural number,
nooa
a = (a1, a3, ..., a,), a are nonnegative integers, € = (€1,¢€2,...,en), €a = [] €' , €% are positive,
k=1
A is a complex parameter and A = A (x) is a linear operator in a Banach space E for z € R".
In [13] we studied the regularity properties of the linear equations (1), when e; = &9 =, ..., =
en = 1.
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In the applications, particularly the above equations describe the charged particle motion for
certain configurations of oscillating magnetic fields. Moreover, a number of nonlocal continuum
models have been proposed in order to understand aggregation in biological systems, see [8] and
references therein. Several of such models lead to nonlocal equations with degenerate diffusion.
Maximal regularity has proven very useful in handling some concrete non-linear evolution equa-
tions as shown by the papers [2] and [14] which deal with the Navier-Stokes equations of fluid
dynamics. One of main features of the present work is that the nonlocal equations are degen-
erate on some points of R = (—o0,00) and the equation (1) has a variable operator coefficient.
Moreover, we prove that the operator generated by problem (1) is ¢o— sectorial. The main tools
of this work is the theory of operator-valued Fourier multipliers. Since the equation (1) has
an unbounded operator coefficient, some difficulties occur. This fact is derived by using the
representation formula for the solution of (1) and operator valued multipliers in L, , (R"; E).

Let E be a Banach space and v = y(z), x = (21, z2, ..., Z,,) be a positive measurable weighted
function on a measurable subset 2 C R™. Let L, (€; E) denote the space of strongly E—valued
functions that are defined on 2 with the norm

1/p

1o, = 1fl, e = /wmw%vax 1<p<o,
Q

1l Lo 25y = €55 50D [y(2) [ f ()] 5] -
ze

For v (z) = 1, the space Ly (2, E) will be denoted by L, = L,(Q; E). The weight v = v (z)
satisfy an A, condition, i.e., v € A,, p € (1,00) if there is a positive constant C' such that

1 p—1

1 1 1
sup /fy(x)da: /fy p—= 1(az)dx <C
Q | lel
Q Q
for all cubes Q C R™ (see [10,Ch.9]).
Here, N denotes the set of natural numbers. R denotes the set of real numbers. Let C be the
set of complex numbers and

Se={AeC, |argA| <¢}U{0}, 0<p<m.
Let Fy and Fs5 be two Banach spaces and let B (E1, F3) denote the space of bounded linear
operators from F; to Es. For Fy = Ey = E we denote B (E, E) by B (FE).
Let A be a linear operator in E. Assume that D (A), R (A) denote the domain and range of
the linear operator in F, respectively. Let Ker A denote a null space of A.
A closed linear operator A is said to be p— sectorial (or sectorial for ¢ = 0) in a Banach space

E with bound M > 0 if Ker A = {0}, D (A) and R (A) are dense on E, and H(A + D) HB(E) <

M X! for all X e Se, ¢ € [0, ), where I is an identity operator in E. Sometimes A + I will
be written as A + A and will be denoted by Ajy. It is known (see [22]) that the fractional powers
of the operator A are well defined. Let F(A?) denote the space D(A?) with the graph norm

1

p
Il sy = (lully + [ A%[ ) 1 <p< 00, ~00 <8< o0

Note that the above norms are equivalent for p € [1, c0).Here, S = S(R™; E) denotes the
E—valued Schwartz class, i.e. the space of EF—valued rapidly decreasing smooth functions on



V.B. SHAKHMUROV, H.K. MUSAEV: NONLOCAL SEPARABLE ELLIPTIC EQUATIONS ... 259

R™, equipped with its usual topology generated by seminorms. S(R"™; C) will be denoted by just
S.

Let S'(R™; E) denote the space of all continuous linear operators, L : S — E, equipped
with topology of bounded convergence. Recall S(R™; E) is norm dense in L, ~(R™; E) when
1<p<oo,y€A,.

Here, a = (a1, a9, ..., ), where o are integers. An E— valued generalized function D f is
called a generalized derivative in the sense of Schwartz distributions of the function f € S(R"; E)
if

(D[, ) = (~1){f, D)
holds for all ¢ € S.
Let F' denotes the Fourier transform defined by

a(&) = Fu=(2m)"2 /eméu (x)dx for uw € S(R"; E) and z, { € R™.
R

Throughout this section the Fourier transformation of a function f will be denoted by f and
F~1f = f. It is known that
F(Dyf) = ()" (in)*" [, Dg(F(f)) = F[(=iw1)™ .. (=izn)*" f]
for all f € S'(R™; E).
The equation (1) is a non-degenerated equation because of these equation does not include
weighted function (i.e. the functon «y (z) approaches to 0 or co ). But, the equations (10) and
(13) are degenerated equations due to it contain term degenerated term D[®u, where

ag
plol — pletl plesl_plaal  plesl — (w (22) ‘9> E=1.2...n.

T x2 T In 0 T axk

Suppose that F1 and Ey are two Banach spaces. A function ¥ € Lo (R™; B(E1, E2)) is called
a Fourier multiplier from L, ~(R"; Ey) to L, ~(R"; Ey) for p € (1,00) if the map v — Tu =
F7Y(¢)Fu, u € S(R™; Ey) is well defined and extends to a bounded linear operator

T: Lpy(R" E1) = Lpy(R™; Ej).
A Banach space E is called a UMD space (see [8], [23]) if the Hilbert operator

O
lz—y|>e

is initially defined on S(R; E') and is bounded in L,(R; E), p € (1,00) (see [6, 18]). UMD spaces
include Ly, 1, spaces and Lorentz spaces Lyq, p,q € (1,00).

A set K C B(Eh, Es) is called R— bounded (see [5], [21]) if there is a constant C' > 0 such
that for all 11,75, ...,T,, € K and uy,ug,...,uy, € B, m € N

L L
[ rnwnu)| a<e [ nwu|
o ||i=1 E o [[7=1 £y
where {r;} is a sequence of independent symmetric {—1;1} — valued random variables on [0, 1].
The smallest C for which the above estimate holds is called the R— bound of K and denoted
by R(K).

2
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Definition 1.1. A Banach space E is said to be a space satisfying the multiplier condition with
respect to weighted function vy and p € (1,00) (or multiplier condition with respect to p € (1,00)
when  (z) = 1) if for any ¥ € C™ (R™\ {0} ; B (E)) the R—boundedness of the set

{1617 DJw () : € R\ {0}, 6= (B1, oy ), B € {0,1}}

implies that U is a Fourier multiplier in Ly, (R™ E), i.e., ¥ € M}J (E) (or ¥ is a Fourier
multiplier in L, (R™; E), i.e., ¥ € M} (E)).

Remark 1.1. Note that, if E is UM D space then it satisfies the multiplier condition with respect
top e (1,00) (see [5], [8], [21]):

Definition 1.2. A sectorial operator A(z), © € R™ is said to be uniformly R—sectorial in a
Banach space E if there exists a ¢ € [0, 7) such that

sup R({[ () (A (x)+51)*1} :feS@})gM.

z€eR™

Let A= A(x), z € R" be closed linear operator in E with domain D (A) independent of x.
The Fourier transformation of A (x) is a linear operator with the domain D (A) defined as:

A€ u(p) = Ax)u(p) foruec ' (RS E(A), pe SR,
where (f, ) denote the value of generalized function f on the ¢ € S (R") (for more details [2]
and [5]).

Let A = A(x) be a linear operator with domain D (A) independent on = € R™ such that
Au € L' (R™ E) for u € S(R%; D (A)). The convolution A * u of A and u € S(R"; D (A)) is
defined as:

A*u—/A _ €)d¢ for u € S(R™; D (A)).

Remark 1.2. By using the Fourier transform, in a similar way as in the scalar case, we obtain
that
F(Axu)=A€) (&) forue SR D(A)), here A (&) = (FA)(€).
Note that, in Hilbert spaces every morm bounded set is R— bounded. Therefore, in Hilbert
spaces all sectorial operators are R— sectorial.

The problem (1) is separable in L, = L, (R™; E) if for all f € L, the problem has a unique
strong solution u € W' (R";E (A), F) and the following uniform coercive estimate holds:

S eallaa * Dull, + [Axul,, < ClIfl, .
o] <
where a positive constant C' does not depent on parameters € and A.
Let Ey and F be two Banach spaces, where Ej is continuously and densely embedded into FE.
Let | be a natural number. Wéﬁ (R™; Ep, E) denotes the space of all functions from S’ (R™; Ey)
such that u € L, (R"; Ey) and Diu € L, (R"; E) with the norm

”UHWIIW(Rn;EO,E) = llullg, . ®nm) + Z 1D%ul|p,, ;) < 00
e <
Similarly, it is clear that

oll gyt oy = Il oiniy + D || P
|| <1

< Q.
Ly(R™;E)

In a similar way in [5, Theorem 3.25], we obtain:
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Proposition 1.1. Let E be a UMD space and v € Ap,. Assume that V), is a set of operator
functions in C™ (R™\ {0} ; B (E)) depending on the parameter h € Q € R and there exists a
positive constant K such that

sup R ({[¢]” D7y (€): € € "\ {0}, B € {0.1}}) < K.

heQ
Then, the set Uy, is a uniformly bounded collection of the Fourier multipliers in L, (R™; E) .
Let Ey and Es be two Banach spaces. Suppose that T € B (FE1,E2) and 1 < p < oc.

Then, T € B(Ly~ (R Ey), Ly~ (R™ Ey)) will denote an operator <Tf> (x) = T (f (x)) for
f €L, (R" E) and x € R™.

In a similar way as in [5], [16], we have

Proposition 1.2. Let 1 <p < oo,y € A,. If W € B (Ey, E) is R—bounded, then the collection

W = {T :T e W} C B(Lpy (R™ Ey), Ly, (R Es)) is also R— bounded.

2. NONLOCAL SEPARABLE ELLIPTIC EQUATION

In the our old work (see [13], [18]), it was proved that the operator functions of the
00: (6, 2) = ADz (&, 1) 012 (6, ) = A(§) D= (£, ),

o2 (60) = 3 ca AT a0 (€) (1) D2 (6.0, 1] Dloic (6,1),i=0,1,2 (2)

lal<t
are uniformly bounded and sets of the S (§,\) = {|§]|ﬁ| D?aiE (&,N); €€ R™\ {0}} , are uni-

formly R— bounded for 85 € {0,1} and 0 < |B] < n, where D, (§,\) = [A &)+ L: (&) + )\} 71,
Le (§) = X2 cata(§) (i6)" .

o<t
Now, we are ready to present our main results. Consider the following nondegenerate nonlocal
differential operator equations

Zsaaa*Dau+(A+)\)*u:f, (3)

|| <l

where ¢, g4, A are parameters, a, are complex-valued functions defined in (1) and A is a linear
operator in a Banach space F.
Condition 2.1. Suppose that the following are satisfied:

(1) Le (§) = lZ Eala(€) (Zé)a € Spys 1 € [0, ) for £ € R™,

o<l
Lo (6)] > €S e Jaaqu| 166 @ (LE) = (0,0, .,1,0,0,...,0), ic a; = 0, i £ k, ag = L
(2) a4, € CM (IEZ”I) and
€7 |DPaa(e)] < C1, e 0,13, 0 < I8l < ms
(3) for 0 < |B] < n, &, & € R™\ {0}:

D7) A7 @) e R B(E), ) |[DPA©] A7 @), , <O
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Let
X=L,(R%E), Y =W (RE(A),E),pe (1,0).

Theorem 2.1. Assume that Condition 2.1 holds and E is a Banach space satisfying the mul-
tiplier condition with respect to weighted function v and p € (1,00). Let A be a uniformly
R—sectorial operator in E with ¢ € [0, ), A € Sy, and 0 < ¢+ @1 + 2 < w. Then, problem
(2.2) has a unique solution u and the coercive uniform estimate holds

_lal N
D ca AT flaa x DYl + [Axullx + [N lullx < Clfllx (4)
o] <

forall f € X and A € S,

Proof. By applying to the Fourier transform to equation (3), we get
1

@(6) =D (&N F(€), Do (&) = [A©) + L (©) +2] . (5)

Hence, the solution of (3) can be represented as u (z) = F~1D. (£, \) f and there are positive
constants C7 and Cy such that

1Al < | F7 oo (60 £] | < G2 Tl

CullAxully <[P [owe (€ 3) ]H < Col|Axulx,

€1 Y ol N flaa s Dol < [[F7 [ (60 f] | < (6)

|| <1

Co 3" el AT flaa = Dl
|| <l
where o4 (£, \) are operators defined by (2). Therefore, it is sufficient to show that the operators
oic (€,\) are multipliers in X. By the first assumption on space E, these follow from [13] and
[18]. Thus, from (6) and (5) we obtain

Alllullx <Collifllx, [A*xullx <Cullflx

ST flaa x Doully < Ca
o] <
for all f € X. Hence, we get the assertion.
Let O, be an operator in X generated by problem (3) for A = 0, i.e.

D(O:) CY, O.u= Z €ala * DU + A x u.
|| <t

O

Result 2.1. Theorem 2.1 implies that the operator O, is uniformly separable in X, i.e. for all
f € X there is a unique solution u € Y of the problem (3), all terms of the equation (3) also are
from X and there are positive constants C7 and Cs so that

CLlO:ullx < Y eallaa * Dully + | A *ullx < C2[|O-ullx -

la|<

Condition 2.2. assume that D(A(z)) = D(A(€)), D(A(€)) is dense in E and does not depend
on & A(x) is a uniformly R—sectorial in E. Moreover, there exist positive constants Cq, Co
and & € R™ such that
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G| At ], <A@ ullp < o | At u],
foru e D(A), z € R™.

Theorem 2.2. Assume that the all the conditions of Theorem 2.1 and Condition 2.2 are sat-
isfied. Then, for f € X and X € Sy, the problem (3) has a unique solution u € Y and the
coercive uniform estimate holds

el
Y cal AT TPl + [[Aullx < C I fllx -

| <l

Proof. By applying the Fourier transform, we obtain that of the solution of equation (3) can be
represented as

W(€) =D (&N f(€), u(z)=F'D. (&N f(€),

where
. -1
DX = [A© +L(©) +A]
By Condition 2.2, we get

[A@F DN f || <M ||[dg) PN |-
Hence, it is sufficient to show that the operator functions

_lal A
> cal N DL (,0), A(&) D (€.)

la|<!

are multipliers in X. Indeed, by the part (3) of Condition 2.1 and R—sectoriality of A, these
facts are obtained from proved by reasoning as in the proof Theorem 2.1. O

In fact, the coercive estimates in Theorems 2.1 and 2.2 (see the estimate (3) imply the unique-
ness of strong solution of u € W' (R™E (A), E) to the problem (1).
Condition 2.3. Let the Condition 2.2 hold and assume that there exist positive constants Cy
and Cy such that

C1 ek |aaqm| 16l < [Le (O < C2 > er|aaqm] Il § €R"
k=1 k=1
for
a(l k) =(0,0,...,1,0,0,...,0),i.e a; = 0,7 # k and o, = I,
and there exists xg € R™ such that
A(€) A7 (20) € Lo (R™ B(E)), €, w0 € R,
Cr|A(zo) ull < |A(z)ull < C2|A(zo) ull, we D(A), z€R™
Theorem 2.3. Assume that the all conditions of Theorem 2.2 and Condition 2.3 are satisfied.

Then, for w € Y there are positive constants My and My such that

My [lully < [[Ocullx < My [|ully - (7)
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Proof. The left part of the above inequality is derived from Theorem 2.2. So, it remains to prove
the right hand side of the estimation. Indeed, from Condition 2.3 for u© € Y, we have

[Axully <M

’F*lzm

L=C HF*AA*1 (z0) A (mo)ﬂHX

< C||F'A(zo) v SO Au|x . (8)

Hence, applying the Fourier transform to equation (3) and by reasoning as Theorem 2.2, it is

N _

sufficient to prove that the function ) e,a,8% (E f,lc’“) is a uniformly multiplier in X. By
|| <1 k=1

the Fourier multipliers theory, it is implies that

3 colaa = Dl < O (ullx + 3 10"l ©
lal<i lal<i
forallueY.
Then, by definition of the space Y, from (8) and (9) we get the estimation (7). O

Consider the following example.
Example 2.1. Let m = 2, n = 2, £ = C, apo = a11 (1Y), aq2) = a12(7,Y), a0 =
az (z,y), A =b(x,y) such that a;; (£) and 3(5), € = (&1,&) are positive real valued functions
for all ¢ € R? satisfying the Condition 2.1.

Consider the parameter dependent nonlocal equation such that:

11
—e1a11 * D2u — e e a1z * Dy Dyu — £2a29 * Dzu +bxu=f(r,y).

Then by Theorem 2.1, the above problem is uniform L, (Rz) separable.

3. DEGENERATE NONLOCAL ELLIPTIC EQUATIONS

We consider now the following degenerate nonlocal equation

Zsaaa*D[a]u—i—A*u—l—/\u:f(x), x € R, (10)

|| <l
where [ is a natural number, a, = a, (z) are complex-valued functions, a = (a1, aq,...,an),
n o
. . _ _ T o . A L 1
aj are nonnegative integers, € = (€1,€2,...,n), €a = [[ €' , €k are positive, A is a complex
k=1

parameter and A = A (x) is a linear operator in a Banach space F for x € R™ and
. a \*
il — pleal plea,_plowl plev] — (% (2) M) E=1,2,m,

here v = (1,72, ---sTn)s Yk = Yk (k) are positive measurable function on R such that ~ (zx) —
0, when zp — 0 and

lim  y (z1) = 0.
|z |00

Condition 3.1. Let v = (1,72, .-, Yn) , Yk = Yk (Tk) are positive measurable function on R such
that v (xg) — 0, when xx — 0. Moreover, assume that
lak]

i H(r)dT < o0, for a, < 00, k =1,2, ...,
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and

lim g (zx) = 0.
|k | =00

Remark 3.1. Let we put v (zx) = |xg|™* for 0 < op <1, k =1,2,...,n. It is not hard to see
that these functions are satisfied the Condition 3.1.

Remark 3.2. Let the Condition 3.1 holds. Consider the following substitution

Tk

Yp = /’yk_l(z)dz, k=1,2,...n. (11)

0

It is clear that, under the substitution (11), Dlely transforms to D®u. Moreover, the spaces
L,(R™E), I/V]y]7 (R"™; E(A), E) are mapped isomorphically onto the weighted spaces Ly, 5(R"; E)
and Wll)’;y(R”; E(A), E) respectively where,

- 1T — ().

Moreover, under (11) the degenerate problem (10) considered in L, (R™; E) is transformed into

E) i
the non degenerate problem (3) by replacing A (z), u (z), f (z) with A(y), @(y), f(y) considered
in L, 5(R"; E), respectively, where

aa = o (Y) = aa(1(y), 2(Y);s - ¥n(¥)), @(y) = w(N1(y),72(y), s W (y)),

A(y) = A (W), 72(Y)s - (y), f(y) = F(1(Y),72(Y), s Ynly)-

Let

X=L,R4E), Y =Wl (R E(A),E), pe(1,0).
In this section, we show the following result:

Theorem 3.1. Assume that the Conditions 2.1 and 3.1 are hold for a, = an (y) and E is a
Banach space satisfying the multiplier condition with respect to weighted function v and p €
(1,00). Let A be a uniformly R—sectorial operator in E with ¢ € [0, ), A € Sy, and 0 <
o+ @1+ @2 <m for A= A(y). Then for all f € X, there is a unique solution of the problem
(10) and the following coercive uniform estimation holds:

_lol o
> ca AT aa s DEl|| 4+ 45 ullg + W ullg < Cllflx - (12)

laf<l

Proof. By Remark 3.2, the degenerate problem (10) is transformed into the non degenerate
problem (3) considered in the weighted space L,.(R"™; E). Then in view of Theorem 2.1 we
obtain the assertion. ]
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4. INFINITE SYSTEM OF THE DEGENERATE INTEGRO-DIFFERENTIAL EQUATIONS WITH
PARAMETERS

Consider the following infinity system of degenerate integro-differential equations

> catq = DI um+Zd xuj (2) = fm (z), 2 €R™, m=1,2, ..., (13)

|| <1
where € = (g1, €9, ...,&n), €k are p081tlve parameters and

oo
a=(a1,09,..,0n), Gy = H el u; =uj(x),
plel — pleslpleal_pleal - plos] — (

axk>

p—1
= T.0< i
k=1
Condition 4.1. Assume that there exist positive constants Cy and Ca such that for {d; (z)}7° €
lq for all x € R" and some zg € R",

C1ldj (xo)| < |dj (z)| < C21dj (x0)] -

Here

Suppose Q, dy, € CM (R™) and there exist positive constants M;, i = 1, 2 such that
617 | DPaa ()| < 2, 1617 | DPdin(©)| < M |dm(©)

e R™\ {0}, Br€{0,1},0< |8 <n.
Let
D(z) ={dn(x)}, dm >0, u={un}, Dxu={dn*xupn}, (D)=

1
o0 q
w€ly, |l py= (me(x)*umw) <0y, 1<q< .
m=1

Let Q. denote the differential operator in L, (R";[,) generated by (13).
Let
X =L, (R%1,), Y =Wl (R"1,(D),1l,), B=B(X).
Applying Theorem 2.1 we have:
Theorem 4.1. Suppose that Condition 4.1 is satisfied. Then:
(a) For all f(z) = {fm (x)}7° € L, (R™; 14 (D)), for X\ € Sy, ¢ € [0,m) problem (4.1) has a
unique solution u = {uy, (x)}7° that belongs to Y and the following coercive estimation holds

S el AT

lal<i
(b) For X € S,, there exists a resolvent (Q. + A7 and

D ea AT eh

jal<t

a0+ DElul| -+ (1D ullx < Cfllx:

‘a . [D[a (Q-+ A" ”\B+
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HD #(Qe + )\)_IHB + H)\(QE * A)_IHB sC

Proof. In fact, let E =1, and A = [dy, (z) djm], m, j =1,2,...00. Then

A~

Ae) = [dm €) 5jm], DBA(¢) = [Dﬁdm (€) §; } m, j=1,2,..00.

It is easy to see that A (€) is uniformly R—sectorial in I, and the all conditions of Theorem 3.1
hold. Moreover, by [5] we get that the space [, satisfies the multiplier condition with respect to
power weighted function v (z) = |27, -1 <y < pn;I and p € (1,00). Therefore, by virtue of
Theorem 3.1 we obtain the assertion (a). The assertion (b) is obtained from the Result 2.3 and
Remark 3.2. (I

Remark 4.1. There are a lot of sectorial operators in concrete Banach spaces. Therefore,
putting in (1) concrete Banach spaces instead of E and concrete sectorial differential, pseudo
differential operators, or finite, infinite matrices, etc. instead of A, by virtue of Theorem 2.1,
we can obtain the mazximal reqularity properties of different class of nonlocal equations or their
systems, respectively.

5. CONCLUSION

In this paper, we studied the maximal regularity properties of the linear nonlocal differential
operator equations with parameters (1) in weighted L, ., spaces. Moreover, we consider the
degenerate nonlocal equation (10) and prove that a coercive uniform estimation holds. Using this
result, we establish a coercive estimation for an infinite system of degenerate integro-differential
equations with parameters. Note that by substituting specific Banach spaces for E and concrete
differential operators, or finite, infinite matrices in place of A, in (1), we can derive the maximal
regularity properties of different classes of nonlocal equations or their systems.
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