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Abstract

We present a phase-space analysis of a mathematical model of tumor growth
with an immune responses. We consider mathematical analysis of the model
equations with multipoint initial condition regarding to dissipativity, bound-
edness of solutions, invariance of non-negativity, local and global stability and
the basins of attractions. We derive some features of behavior of the three-
dimensional tumor growth models with dynamics described in terms of densities
of three cells populations: tumor cells, healthy host cells and effector immune
cells. We found sufficient conditions, under which trajectories from the posi-
tive domain of feasible multipoint initial conditions tend to one of equilibrium
points. Here, cases of the small tumor mass equilibria-the healthy equilibrium
point, the “death” equilibria have been examined. Biological implications of our
results are discussed.

Beginning with this article we intend to investigate the problems of mathe-
matical and biological approaches to model the cancer growth dynamics processes
and operations. It is important to take into account “the nonlinear property
of cancer growth processes” in construction of mathematical logistic models.
The nonlinearity approach appears very convenient to display unexpected dy-
namics in cancer growth processes expressed in different reactions of the dy-
namics to different concentrations of immune cells at different stages of cancer
growth developments [1 — 21]. Taking into account all the complex processes,
nonlinear mathematical models can be estimated capable of compensation and
minimization the inconsistencies between different mathematical models related
to cancer growth-anticancer factor affections. The elaboration of mathematical
non-spatial models of the cancer tumor growth in the broad framework of tumor
immune interactions studies is one of intensively developing areas in the modern
mathematical biology, see works [1 —9]. Of course, the development of powerful
cancer immunotherapies requires an understanding of the mechanisms governing
the dynamics of tumor growth. One of main reasons for creation of non-spatial
dynamical models of this nature is related to the fact that they are described
by a system of ordinary differential equations, which can be efficiently investi-
gated by powerful methods of qualitative theory of dynamical systems theory.
Mathematical models for tumour growth have been extensively studied in the
literature to understand the mechanism of the disease and predict its future
behavior. Interactions of tumour cells with other cells of the body, i.e. healthy
host cells and immune system cells are the main components of these models
and these interactions may yield different outcomes. Some important phenom-



ena of the tumour progression such as tumour dormancy, creeping through, and
escaping from immune surveillance have been investigated by using these mod-
els. Kuznetsov et al. [1] proposed a model of second order ordinary differential
equations (ODEs), which includes the effector immune cell and the tumour cell
populations. They demonstrated that even with two cell populations, these
models can provide rich dynamics depending on the system parameters and
explained some important aspects of the stages of cancer progression. Three
equation mathematical models of tumor growth with an immune responses were
studied e.g. in [4, 5, 7, 9, 10] . For instance, Kirschner and Panetta [4] examined
the tumour cell growth in the presence of the effector immune cells and the cy-
tokine I1-2 which has an essential role in the activation and stimulation of the
immune system. de Pillis and Radunskaya [5] included a normal tissue cell pop-
ulation in this model, performed phase space analysis and investigated the effect
of chemotherapy treatment by using optimal control theory. In [9], interactions
between cancer cells, effector cells, and cytokines (such as IL-2, TGF-3, IFN-v)
studied. In [7] interactions between cancer cells, effector cells, and normal tissue
cells are investigated. In [6], a four-dimensional model is discussed which can
undergo Hopf bifurcations leading to periodic orbits, a possible route to the de-
velopment of chaotic attractors (for general review see e.g. [1, 3]). In [10] global
behavior of the tumour growth population dynamics was investigated. The local
stability, the chaotic behavior properties and some features of global behavior
tumour growth model of (1.1) with the classical initial condition were studied in
[12] and [11], respectively. The complex oscillations were studied in [16]. More-
over, the model has been also used to define optimal control problems (see e.g.
[16 — 18]). Note that nonlinear dynamic systems studied e.g. in [22 — 24]. In
contrast to mentioned works, here mathematical analysis of multipoint IVP for
(1.1), local and global stability and the multiphase basins of attractions have
been investigated. We prove that all orbits are bounded and must converge to
one of several possible equilibria. Therefore, the long-term behavior of an orbit
is classified according to the basin of multipoint attraction in which it starts.
Here, we examine the dynamics of one cancer growth model proposed in [5], but
possessing multiphase structure, i.e. we consider the following multipoint initial
value problem (IVP) for dynamical system

T=rT(1-k'T) - a1aNT — ai3IT,

. : IT
N =roN (1—ky'N) —anNT, [ = 2 —aqIT —dsI,  (1.1)
ks+T
T (to) =To+ Y onxT (tr), N (to) = No+ Y _ carN (), (1.0)
k=1 k=1

I(to) =1y + Za;gkf (ﬁk), to € [0, 77) , tr € Og (to),
k=1

where T = T'(t), N = N (t), I = I(t) denote the densities of tumor cells,
healthy host cells and the effector immune cells, respectively at the moment ¢,



o, are real numbers, m is a natural number and
Os(to) ={teR: |t —ty| <0} forad > 0. (1.2)

The assumption (1.0) is given on coefficients «;; and tg, 1, ta, ...tm; here, (Ty, No, Ip) indicate
the given pre-healing vector (or pre-healing vector state) such that Tp is small
enough but Ny, Iy are big enough. The condition (1.2) links the values of vector
function V (¢) = (T'(t),N (t),I (t)) at various points tg, t1, ..., t;n to each other
by healing vector (T, No, Iy); so, we called (1.2) a multipoint IVP. The first
term of the first equation corresponds to the logistic growth of tumor cells in the
absence of any effect from other cells populations with the growth rate of r; and
maximum carrying capacity k1. The competition between host cells and tumor
cells T' (¢) which results in the loss of the tumor cells population is given by the
term a1 NT. Next, the parameter ai3 refers to the tumor cell killing rate by
the immune cells I (¢). In the second equation, the healthy tissue cells also grow
logistically with the growth rate of ro and maximum carrying capacity ko. We
assume that the cancer cells proliferate faster than the healthy cells which gives
r1 > ro. The tumor cells also inactivate the healthy cells at the rate of as;. The
third equation of the model describes the change in the immune cells population
with time ¢. The first term of the third equation illustrates the stimulation of
the immune system by the tumor cells with tumor specific antigens. The rate of
recognition of the tumor cells by the immune system depends on the antigenicity
of the tumor cells. The model of the recognition process is given by the rational
function which depends on the number of tumor cells with positive constants
r3 and k3. The immune cells are inactivated by the tumor cells at the rate of
a3 as well as they die naturally at the rate d3. We suppose that the constant
influx s of the activated effector cells into the tumor microenvironment is zero.
One of main aims is derivation of sufficient conditions under which the possible
biologically feasible dynamics is local and globally stable, and a converges to one
of equilibria. Since these equilibrium points have a biological sense, we notice
that understanding limit properties of dynamics of cells populations based on
solving problems (1.1) — (1.2) may be of an essential interest for the prediction
of health conditions of a patient without a treatment, when the data (e.g. the
status of blood cells shown above) that determines the conditions of the patient
are compared at various times tg, t1, ..., t,;, and correlated.

By scaling ©1 = Tky ', x5 = Nky ', z3 = Tk3*, £ = 1t in (1.1) and omitting
the tilde notation we get the multipoint IVP for the following dynamical system

1 =21 (1 —21) — a122122 — a132123,

.fg = ToX2 (1 — {EQ) — 217172, (13)
T3T123
T3 = —ag1r1T3 —dsxs, t€ [0, T),
. 312123 — A3T3 [ )
21 (to) = z10 + Z a1z (t) 22 (to) = 220 + Zazkxz (tr) (1.4)
k=1 k=1



xs3 (t()) = X309 + Z Q33 (tk) , to € [O7 T) , tk € 05 (to) .
k=1
We are interested in biologically relevant solutions of the system (1.3) — (1.4).
Note that, for aj1 = a;2 = ...ctjp, = 0 the problem (1.3) — (1.4) becomes the
classical IVP for the dynamical system (1.3).
Remark 1.1. Consider for example, the multipoint IVP for ordinary equa-
tion
d 2
§§=T£?aﬂm=xm+mx@ﬂ+aﬂ@ﬁ,ﬁJgEOM@, (1.5)
where zg is a given positive number, t1,ts are points in Os (0), a; and ag are
real numbers such that

x(0) — a1z (t1) — sz (t2) > 0.

Then it is clear to see that there exists a solution of (1.5) expressed as

Z’(t): |:1*C¥1 (1+t1)2*a2(1+t2)2 _1$0(1+t)2,

where
ar (1+t)° +as(1+12)° < 1. (1.6)

The assumption (1.6) given on t1,ts and coefficients oy, as.
2. Notations and background.

Consider the multipoint IVP for nonlinear equation

du
E:f(u),tE[O,T]7 (2.1)

u(to) = Ug + Zaku (tk) ,to € [0, T), t € Os (to) ,
k=1
in a Banach space X, where «aj are complex numbers, m is a natural number
and v = u (¢t) is a X —valued function.
Note that, for @1 = ag = ..., = 0 the problem (2.1) becomes the following
local Cauchy problem

d

= f (W), ulto) =uo, t€[0,7], to € [0, T). (2.2)
For ug € X let B, (up) denotes a closed ball in X with radius 7 centered at

Uug, i.€.,

By (up) ={u € X : [Ju—uollx <r}.

We can generalized the classical Picard existence theorem for the multipoint
IVP (2.1).



By reasoning as in [24, p.218,223)] we obtain
Theorem 2.1. Let X be a Banach space. Suppose f : X — X satisfies
local Lipschitz condition on B, (vg) C X, i.e.

1f (w) = F(W)llx < Ly [lu = vl x

for each u, v € B,.(vo) and t;, € O (ty) for some 6 > 0, where

m
vo = ug + Zaku (tx) -
k=1

Moreover, let

M= s [f @y <o,
u€ B, (vg)

Then, problem (2.1) has a unique continuously differentiable local solution
u(t) for t € Os (to), where § < 7.
Proof. We rewrite the initial value problem (2.1) as an integral equation

t

u:v0+/f(u(s))ds.

to

For 0 < n < 1; we define the space
Y =C ([-n,n]; Br(vg)) .

Let
t

Qu = v —|—/f (u(s))ds.

First, note that if u € Y then

t
Qu=vollx < | [ u(s)ds| <<
to X
Hence, Qu € Y so that @ : Y — Y. Moreover, for all u, v € Y we have

t

1Qu—Qully < / Fu(s) = F(v(s))ds| <

to X

Lynllu—vlx, (2.3)

where Ly is a Lipschitz constant for f on B, (vg). Hence, if we choose

1
17<min{]\7;[7l;f} (2.4)



then @ is a contraction on Y and it has a unique fixed point. Since 1 depends
only on the Lipschitz constant of f and on the distance r of the initial data
from the boundary of B,(vg). Then repeated application of this result gives a
unique local solution defined for [t —to| < 17.

Theorem 2.2. Let X be a Banach space. Suppose that f : X — X satisfies
global Lipschitz condition, i.e.

1f (w) = F(W)llx < Ly [Ju = vl x

for each u, v € X. Moreover, let

M = sup | (@) < .
ueX

Then problem (2.1) has a unique continuously differentiable global solution
u(t).

Proof. The key point of proof is to show that the constant ¢ of Theorem 2.1
can be made independent of the vq. It is not hard to see that the independence
of vg comes through the constant M in therm 7 in (2.4). Since in the current
case the Lipschitz condition holds globally, one can choose 7 arbitrary large.
Therefore, for any finite M, we can choose r large enough and by using (2.3),
(2.4), we obtain the assertion.

Let X be a Banach space. w € X is called a critical point (or equilibria
point) for (2.1) if f (w) = 0. We denote the solution of the problem (2.1) by

¢(t,’(}0) = ¢(t,u(t0) ,u(tl) ) ...,u(tm)) .

Definition 2.1. Let ug € X, u(t) = ¢ (¢,v0) be a solution of (1.13) and
w € X be a critical point of (2.1). If there exists a neighbourhood O (w) C X

of w such that tlim @ (t,v9) = w for ug + Zaku (tx) C O(w), to € [0, T),
k=1
tr € Os (o) and a 6 > 0, then w is called a positive multiphase attractor.
Definition 2.2. Assume w € X is a multiphase attractor point of (2.1) and

u(t) = ¢ (t,up) is a solution of (2.1). A set Q = {U: v=ug+ Zaku (tk)} C
k=1

X is called a domain of multiphase basin (multiphase attractor or domain of

multiphase asymptotic stability) of w if tlim @ (t,u0) = w for v € Q.

3. Boundedness and dissipativity

In this section, we shall show that the model are bounded with negative
divergence, positively invariant with respect to a region in Ri and dissipative.
As we are interested in biologically relevant solutions of the system, the next
results show that the positive octant is invariant and that the upper limits of
trajectories depend on the parameters of multipoint initial conditions.

Let

B(x,m - {$ - (%1,332,])3) S Ri_ 0 S Ty S Kl (avm)}v T = 17 27 37 (30)



where

Ki = Kz (Oé, m) = max {1, Zi0 + Zaikxl (tk)} 5 tk € 05 (to) .
k=1

Consider the problem (1.3) — (1.4) with tg = 0.
Theorem 3.1. Assume

d3 >1+mre, 7, >0, k; >0, a;; >0, 73 < kzaz;. (31)

Then:(1) Bg,m is positively invariant with respect to (1.3) — (1.4); (2) all solu-
tions of (1.3) — (1.4) are uniformly bounded and are attracted into the region
Ba,m; (3) the system (1.3) is with the negative divergence; (4) the system (1.3)
is dissipative.

Proof. By Theorem 2.1 there exists a unique solution of multipoint problem
(1.3) — (1.4) .(1) Consider the first equation of the system (1.3):

fbl =T (1 — LEl) — A12X1T9 — A13T1X3.

By condition a;; > 0 we get #1 < 1 (1 —x1).
It is clear that

d
z1(1=21)=0, —[z1(1—21)]=1—-221 <0
d:El

for 1 = 1. Thus

m

T (t) < max {1, 10 + Z()qkl‘l (tk)} s T, < 0 for z; > 1.

k=1
Hence,
limsupz; (¢) < 1. (3.2)
t—o00
For

To = ToTo (]. - .’ﬂg) — a217172,

a similar analysis gives

ro (t) < max {17 Za0 + Z QT2 (tk)} )

k=1
limsup x5 (t) < 1. (3.3)
t—oo

Now consider
r3xr1T3

$1+/€3

Tr3 = — a31x1x3 — d3l‘3.

From (3.1) we have



. r3T1X3 o 73
T3 — a31T1T3 — X1X3 —a3 | < 0.
1+ k3 1+ k3

Then by reasoning as the case of 1 we deduced

3 (t) < max {17 T30 + Z Q13 (tk)} ;

k=1
limsupzs (t) < 1. (3.4)
t—oo

Hence, from (3.2) — (3.4) we obtain (1) and (2) assertions. Now, let us show
(3)-(4). Since

Ofr | 0f2 | Ofs

=+ s~ + 55— =1-221 —a12w2 — 1373 + 12 — 21272 — A21T1+
8$1 81’2 81‘3
T3T1
z1 + k3

— as1r1 — d3 = (1 +7ro — dg) - (2 + a21) Xr1— (35)

(2re + a12) z2 + [ — a31} 1 — (1373,

x1 + k3
where f1, f2, f3 denote the right sides of the system (1.3).
By condition (3.1) from (3.5), we obtain
Ofi | 0f2 | Ofs

—— 4 ==+ == <0f B
8x1+8x2+8a:3< orxr € B,

i.e. the system (1.3) is dissipative.
4. The Lyapunov stability of equilibria points

In this section, we will derive the stability properties of equilibria points of
the system (1.3).

Remark 4.1. It is clear that the points Eq (0,0,0), E; (1,0,0), F5(0,1,0)
are biologically feasible equilibria points for the system (1.3) . Moreover, if ag; >
r9 and

rg > ds + asiks + VD, (24 ks)as1 +ds > r3 +VD,

1 + a12T25 < 1, D = b% — 4d3k3a31 > 0,

then the system (1.3) have the biologically feasible equilibria points
B3 (at,0,b5), By (Z1,72,0), Eij (T1i, 725, T345)
(see e.g. [12]), where

:blﬂ:\/ﬁ b :2a31—b1:|2\/5

a+ T

2a31 2a13a31



ai2a21 — T2 _ a12 (7“2 - a21)

= a’;2 =
b )
ro (@12 — 1) ro (@12 — 1) @12
T2 — A21T1; .
by =73 — d3 — as1 ks, Tyi = —— — 22 #£0,i=1, 2,
2
1 — 21 — a12xy;
_ i .
T3 = ————————, 1, J = 1,2.
a3

R} ={zeR 2;,>0,i=1,23}.

Remark 4.0. (1) In the point Ey (0,0,0), three type cell populations are
zero; (2) at the point Ej (1,0,0), tumor cells have survived but normal and
immune cells are zero, this case can be called as "dead" case; (3) the point
E5 (0,1,0) —tumor-free and immune free case. At this points, normal cells have
survived but tumor and immune cells are zero; (4) at the points Es3 (a+,0,bs),
normal cells are zero, but tumor and immune cells have been struggling; (5)
at Ay = FE4(Z1,T2,0), tumor and normal cells populations have survived but
immune cells populations are zero. This case also called a “diseased” case. (6)
the points E;; (x14, T2, 3i5), ¢ = 1, 2, 7 =0, 1, 2 correspond to the coexisting
cases, i.e., when tumor, normal and immune populations have survived.

By virtue of [8] we obtamn: the linearized system (1.3) has the following
fixed points: FEj (0,0,0) which means none of the cell. The eigenvalues of the
Jacobian matrix at this point are \y = 1, Ay = 79, and A3 = —d3. Since all
the parameters are positive, the equilibrium has two unstable and one stable
eigenvalue. Therefore, we have a saddle at this point and populations exists;
around at Fs (0,1,0) the system is in healthy stage. The eigenvalues of the
Jacobian matrix at the tumour-free equilibrium point are Ay = —ry, Ay = —d3
and A3 = 1 — a;2. Stability of this point depends on the value of ais. If a5 >
1 this point is stable and unstable for a;o < 1; at E5(1,0,0), the tumour
population is in the maximum limit in that compartment. The eigenvalues of
the Jacobian matrix at this point are obtained as:

A =1, Ao =7y —agi, A3 = (r3 — ds — az1 — az1ks — dsks) (1 +kz) "

By choose the parameters in expression of Ay and A3 we can obtain stability
PRT— and ajsae; # r2.This point is a biologically feasible equilibria if a;o
> 1 and yields the real eigenvalues with different signs; the point Es (1,75, 73) s
where 1y, 75 > 0, 73 = ¢ — a2 for positive parameters ¢ and ; In order
to have a biologically relevant point we assume ¢ > 1a12.This point has one
real unstable eigenvalue and two complex eigenvalues with positive real parts;
Eg (y1,0,y3): assuming y; and y3 are positive. This point has one unstable real
and two complex eigenvalues with stable real parts with the selected parameter
sets; consider the point F7 (21,0, z3), where z3 < 0. Since this equilibrium has a
negative value for zs, it is biologically irrelevant; The eighth and last equilibrium
point for the system (1.3) is Eg (21,22, z3) with nonpositive value for zo. Since
this point biologically irrelevant we do not consider to this point.

and unstability of the point E3; the point Ey4 (Z1, Z2,0) for 7, =

a12—"T2



Let

R ={zeR2,>0,i=123}, B, (z) ={z € R?, ||z —Z||ps <7}.

In this section we show the following results:

Theorem 4.1. Assume (1) 73 — ag1 < 0, ,:—2 —az1 < 0;(2) c13 =

T3
1+ks

ag1 —ds < 0, a;2 > ag3. Then the system (1.3) is asymptotically stable at the
equilibria point Fj (1,0,0) in the Lyapunov sense. If as; > 79 or ¢13 > 0, then

the system (1.3) is unstable at E; (1,0,0).

Proof. Let A; be the linearized matrix with respect to equilibria point

E1(1,0,0), i.c.
-1 —ai2 —as
A1 = 0 To — A21 0
0 0 C13

By assumption (2), ¢13 < 0. We consider the Lyapunov equation

bir bz bis
PiA+ATP = —1, Pi= | by bay bos
b31 b3z bs3

By solving (4.1) with respect to b,;, we obtain
i

1 a2 a3
b = = b = b = =, b = b‘ = —
1 =75, bz =bn =g (o1 — 72 £ 1) 13 =bs1 =3 )
by — 1 —ai2b12 b — bao — aizbiz + ai2bi3
20 = ——————, b3 =b3p = —FT——,
2 (ag1 —12) (rg —ag1 + c13)
bir b2 b3
2a13b13 — 1
byg = 23— Pl = | bia bay bog
2013

biz b2z b33

From (4.2) and assumptions (1)-(3) we have

bio > 0, by3 >0, b23<01fr2+a31+d3>a21+1+r73k,b23>0
3

if asy >mro+asgr +ds— b11 > 0, by >0, b3z > 0.

T3
1—‘1-]63,

(4.3)

The eigenvalues of the matrix A; can be founds as the roots of characteristic

equation

1
|PL— M| =\ — (b22 + bsz — 2) N

1
b3y +biy — 3 (baz + ba3) + b3y — b22b23] A+ blobgs — bisbay — 2b1ab13baz = 0.

10



Hence, the eigenvalues of A; are positive if the quadratic function
% (.’E) = XTP1X = buxf + bgg:ﬁg + bggl‘g + 2biox1 22+

2b13x1x3 + 2bo3T223.
is positive defined. It is clear to see that

bio )2 bas <512)2 >
T +4—x + | = -4 — T
< ' by b1 b1 2

1
V1 (l’) = 5()11

_|_

1 b12 2 b33 biz )’ 2

) 2 738y (018

B 11 (an + buxg) + by bis T3 | +

1 bo3 ? b33 boz \ 2 2
b 972 7y (02 0

5022 <962 + Do 963) + Do brs T3] >

when
4b3y < byibag, 4b35 < biybag, 4b3s < baobss, (4.4)

i.e. the matrix A; is positive defined. Hence, the quadratic function
2
Vi (z1 — 1,@9,23) = byy (21 — 1)° + baga3 + bazaj+

2b12 (LEl — 1) To + 2b13 (:El — 1) T3 + 2by3x013

is a positive defined Lyapunov function candidate (see e.g. [22, 23, 25, 26]). By
[12, Corollary 8.2] we need now to determine a domain €; on which V; (z) is
negatively defined. By assuming x; > 0, £k = 1,2,3, we will find the solution
set of the following inequality

3

. oVyd
Vl(ml_l,ZEQ,mg):Z 1ﬂ:
k=1

— 4.
— 6.’1}k dt ( 5)

=2 (b11z1 + baaraza) — 2 [biaa1z + bazagr + bizaiz] 123~
2{[(b11a12 + b1z (@21 + 1))] 21 + [b22ag1 + biza1z + biar2] T2} 2122~
2 [brras + bis] 2ias — 2 [br1a} + baoraxl + bizaizwial + bagrozias] —
21127 + biswizs + 2 (briaiz + bioasy + ry + 1) myaa+
27y [(boa + bia) 3 + baszaws] +

T3
210b —1 b b — —d <0.
[b13 (z1 — 1) + bazwa + b33w3] le s 1131) 1 3] T3 <
By assumptions (1)-(3), the inequality (4.5) holds if

=2 {[(b11 (@12 + a13) + b1z (a21 + 1)) + biz]z1 +

11



biaroxa + bazagi 3} T1T0— (4.6)

[(b1171 + (br1a1s + b13) 23)] 7 — [(bo2ao1 1 + baarama + bazraws)] w5 —

2[(b11a13 + b13) 21 + bizaizxs) x1ws + 2 [bu (1 — 1)2 - b11} + 2 (byo + b1o) 25—
2b937a [1 — o] xaws + 2 [(b11a12 + bi2ar + 72 + 1) — (baoagr + bizaiz) zo] 122 —

boarata + 2 [br1a13 — (b12a13 + bi3ay2) T2] T123+

73
x1 + k3

2[b13 (x1 — 1) + bagwa + bzzxs) K - a31> 1 — d3] z3 <0,

when
[ (b11 (@12 + a13) + b1z (@21 + 1)) + big] 21 + broraxa + bagasizs > 0,
(b11z1 + (br1ais + biz) x3) > 0, basasixy + baoroxs + bagroxs >0,  (4.7)
(br1ays + big) &1 + bisarszs > 0, by (1 — 1)% + (bag + bra) 2 < byy, 9 > 1,

(b11a12 + bi2ag1 + 12 + 1)—(bagaor + bizai2) z2 <0, briaiz—(bizaiz + bigaiz) z2 <0,

bigx1 + bazwo + bgzxs > bis.

If az; > 79 or c13 > 0, then one of eigenvalue of the matrix A; is positive,
i.e. the system (1.3) is unstabile at E; (1,0,0).
Remarke 4.1. Hence, V; (z) is negative defined on the following domain

Q= {zeR3, bi(z1— 1)? + (baz + b1z) 23 < by, (4.8)

To > My, 11 + Q2xs + a3z > 1},

where

bi1ai2 + bizag: + 172 + 1 bi1a13 }

Ny = max 4 1, ,
2 { baoaoy + bizaiz bi2ay3 + bizaiz

Ny = b1z, a1 = min{[b11 (a12 + a13) + b1z (a21 + 1) + bis], be2aor, bis },

ay = min{biars, boara, baz} = bz, az = min{bazas1, basra, bss}.

Hence, the system (1.3) is asymptotically stabile at £; (1,0,0) in the Lyapunov
sense.

Now, we consider the equilibria point Es (0,1,0) and prove the following
result:

Theorem 4.2. Assume: (1) ¢11 = 1—a12 <0, (2) a3y > 2 (r2 — c11). Then
the system (1.3) is asymptotically stable at the equilibria point E; (0,1,0) in
the sense of Lyapunov.

12



Proof. Let A be the linearized matrix with respect to equilibria point
E5(0,1,0), i.e.

C11 0 0
A2 = —a1 —T9 0
0 0 —ds
Consider the Lyapunov equation
PyAy+ ATPy = 1, (4.9)
where
bi1 b2 bis

Py =] by by bo3
b31 b3z b33

By solving the equation (4.9) in b;; we get

a21

1
bis =0, boy = —, big =byy = ———24
13 22 2T2 12 21 27"2 (7"2 — 011)

1 CL2 b22 1
n=-1 [ e 2] b= b = (4.10)
1 bll b12 O
b33 = ——, biz =0b31 =0, By = b1z bao 0
2d3 0 0 b33

In view of the assumption (1) and (2) it is clear to see that
b11 >0, bog >0, b3z >0, b2 <O0. (4.11)
The eigenvalues of Ay can be founds as the roots of characteristic equation
Py (N) = (bss — ) [)\2 — (b11 + ba2) A — (bfg - bnbzz)] =0.
Hence, the roots of the above equation are positive if the quadratic function
Va (21,20 — 1,23) = br123 + boo (z0 — 1)2 + by3x2 4 2b1oxy (15 — 1)
is positive defined. The same as the above theorem it is clear to see that
Vo (x1,20 — 1,23) <0 (4.13)
if
biiz1 + (br1aiz + biare) T2 + bizaizws <0,
(br1a12 + bi2) T1 + bagazi w2 > 0, biaxy + bagaraze > 0,
bi1a13x1 + bigaizxe > 0, biaxy + bagws > 0.

Remark 4.2. Hence, the inequality (4.13) holds in the following domain

Qo = {33 € R‘i, biizy + (bi1aiz + biar2) T2 + bizaizzs <0,

13



(b11a12 + b12) 1 + bazaoiza > 0, x1 < Y2},

where

’ymin{ baory  —bizaiz b2 }
—bia” briarz T —bio

If
biiaiz + b1z > 0, b1 (a12 +7) + biars <0, (4.14)

then we deduced that
bi1z1 + (b11a12 + biare) T2 + bi2aizzs <0

for all x € Ri, i.e. the system (1.3) is global asymptotically stabile at the point
E»(0,1,0).

Result 4.2. The system (1.3) is globally asymptotically stabile at E; (0,1, 0)
if assumptions (1), (2) and the following holds:

_@ |: a’%l _ 1:| > a21 (4 15)
e [r2 (re —cnn) T ro(rg—c11)’

(a2 +7) { a 1} < G2
ro (12 — c11) T (rg—ecn)
Indeed, the inequalities (4.14) are valid if the assumption (4.15) holds.Thus,
(4.13) is satisfies for all z € R3.
Let A3 be the linearized matrices with respect to equilibria points E3 (a4, 0, b+ ),
ie.,

C11

din dia dis
As=| 0 dyx 0O |,
d3i1 0 dss
where
by EvD
ay = 12%\1/», by =13 — d3 — aziks, D = b] — ddzkzaz > 0,
di1 = 1—2a4+ — a13bg, di2 = —aiza+, diz = —a13a4, (4.16)
kyrs
dog =712 —an1a+, d31 = | ——————— —az1 | b,
(ax + k3)?
rsa+
d33 = — az1a+ — ds.
B ks 310+ — d3
Let
5= diz — di2 P di1 + dss L (da2 + ds3) di2 + df
di1 + das’ di1 + dao’ dsidi2 —dp ’

d = (d11 + da2) (do2 + d33) — ds1a13.

14



Let a4, by and D are the numbers defined by (4.0). Now, we prove the
following result:
Theorem 4.3. Assume

r3a
2104 > T9, Ay + az1a+ + d3 > 30+ R (2+k3)a31 +ds >rs+ VvVD.
at + ks
Moreover, suppose
kirs
aiz > aiz, azs1 > ——— 5, dz1diz > dp.
(at + k1)

Then system (1.3) is asymptotically stabile at equilibria points Es3 (a4,0,b+) in
the sense of Lyapunov.
Proof. Consider the Lyapunov equation

B3As + ATBs = —1, (4.17)

where
bi1 b2 b3
Bs =] ba1 baa baz |, bij = by
b31 b32 b33
By solving (4.17) according in b;; we obtain

1 1

byy=-—— b= 418
H diy + 25eds,” di1 + 203 (4.18)
1
bio = — d d di3 —d bog =
12 (d11 + di2) (d11 + 25¢d31) e (d + dag) + dus 12 baz
1 (di3 + di2) b12 1
——— (14 2d12b by = —~—— 2 "% b33 = —— (1 + 2d;3b;3) .
9y (1+ 2di2b12), bo3 dos + dgg 33 s (1 + 2d13b13)
Consider the quadratic function

V3 (.’)31 —a+,0,z3 — b:':) =b11 (.’1?1 — ai)z + bgg&?%—l— (419)

b33 ($3 — b;)2 — —|—2b12 (:El — ai) To + 2b13$1 (.133 - b;) + 2b23$2 (.133 — b¥) =

1 201, 17 bia\?
T T T B e e x5+
2 b11 b11

1 2015 1 203 207
b1 [561 —at + 13533} + <b22 - 12) 3 + <b33 - 13) T3+

2 b1 b1 b1

1 2b 2 2b2

“boy e + 2 (w3 — be)| + (bss — S22 ) (x5 — bg)? > 0,

2 b11 b22

when ) )
2 2
by > 2012 g 215 (4.20)

b1 bao

15



By assumptions we get

d>0,8>0, p>0, >0, by >0, by >0, b3 >0,

bag < 0, boo > 0, b3z > 0. (421)

Hence, V3 () is a positive defined Lyapunov function candidate. Then, we have
only to show the following inequality

3

. oVs dx
Vs (21— a4,0,25 — bg) = Z@T:Zditk =
k=1

—2[br1a+ + bi3bs + 2a+ (b1y + bira+ + bigbx)] x1+
2[rg (b12a4 + bagbs) — 20479 (b12a4 + basbs + bga)] T2+
2 (b1 + brias + bighy) (21 — ai)2 + (4.22)
279 (b12a+ + bazbg + bao) (x2 — a+)? = 2ry (broasx + bosbx + bag) — 2by1 75+
2[(b11a+ + bizbg) arz + b1z — bisz1] 123 — — (braiszy + begagiw3) T122—
2{[(b11a12a+ + b2 + bizai12bs + az1bi2a4 + a21basbs)] —
2[(bi1wr + biawa + bizxs) a1z + (braxy + boawa) asi] —

2[(bi2 + a12b11 + az1baz) 1]} 129 — 272 [b1aw1 + baaTo + bozzs] 53—

2 [ag1b23w2 + a13bizws] x123 — 2 (br1a1swy + bazazixs) w122 + 2Q (x) <0,
where

r3x1
x1 + k3

Q () = [b13 (1 — a+) + bazxa + b33 (v3 — b3 )] —azi1x1 —ds| .

By condition, the estimate (4.22) holds for all z € R3, if
[b11a+ + b13bs — 2a+ (b1y + briax + bisbs)] z1 +
(72 (biza+ + baszbs) — 2a472 (biga+ + bazb+ + bao)] 2 > 0,
(b11 + bi1a4 + bi3by) (1 — ai)2 + 73 (b12a+ + bagbs + ba2) (z2 — a:l:)2 <
o (b12a+ + bagbs + b22) + blll'?,
(br1a+ + bigbs) arg + big — (b13 + a13bi1) z1 <0,
(bi1@12a+ + big + bigaioby + a21bizat + az1bazbs) —

[(b11z1 + b12z2 + biszs) a1z + (bizxy + baex2) as] —
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(b12 + a12b11 + az21baz) £1 <0, biazy + baoxs + bagzs > 0,

a21ba3xy + a13bizxrs > 0, biiaizwy + bazaziws > 0, bizwy + bagxy + byzxs > 0.

Thus (1.3) is asymptotically stabile at points E3 (a+,0,b+) .
Remark 4.3. Hence, V3 is negative defined on the following domain

3
Q3 = {m € Ry : a1y + agwa + azws > g, T1 > Y1, T2 < VT3, T3 < V3T,

(bll —+ bllai —+ blgby) (1131 — ai)Z -+ T2 (blgai -+ ngb;F -+ b22) .’E% S (423)
73 (b12as + bagby + boo) + byy i},

where
a1 = min{[bnai + b13b¢ — 2a4 (b11 + bi11a+ + blgbi)} ,

birais + bizaz, bia, bz},
az = min{ ry (bi2a+ + basbg) — 2ax7s (br2ax + bagbsx + baa)
bi2a12 + ba2ao1, baa, bag }, az = min{bizaia, bes, bssz} = bas,
Yo = (br1a12a+ + bia + bizai2bs + azi1bioas + ag1basbs),
Ny = (br1ax + bizbs) a1z + by _aigbigzz  biiass
(b13 + a13b11)

y V2 =
Let A4 be the linearized matrices with respect to equilibria points Ey (%1, Z2,0),
ie.,

9 3 — .
—as1b23 —bazag;

diy dio dis
Ay = | da d2 0 |,
0 0 ds3
where
o rafae—1) _ app—1
Ty = , T2 = ’
12021 — T2 a12a21 — T2
di1 = 1—=2%; — a12%2, di2 = —a12%1, d13 = —a13%1, (4.24)
_ _ _ 371 _
do1 = —a21T2, dog =719 (1 —2T2) — a1, d3z = — — a3171 — ds.
T + k3

Now, we prove the following result:
Condition 4.4. Let a12 > 1, a12 > 73, a12a21 > T2, d3z < 0 and

Re {(du + dao) + \/(du + 6122)2 — 4 (di2a2172 + d11d22)} < 0.

Theorem 4.4. Assume the Condition 4.4 is satisfied. Then system (1.3)
is asymptotically stable at the equilibria point Ej (Z1,Z2,0) in the Lyapunov
sense.
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Proof. Consider the Lyapunov equation
ByA,+ AT By = 1, (4.25)

where
b1 b2 bi3
By= | ba1 by bog |, by = by
b31 b32 b33

By solving the equation (4.25) with respect to b;;, we obtain

by — Dy bio = by — Dy bory — D3 boo — —dy3 [b11 (dao + d33) — biada]
1= bz =bn =77 bn="7 bz = d )
—dy3 [b12 (d11 + d33) — d12b
bas = 13 [b1z (du d ) 2 11], d = (d11 + ds3) (dog + d33) — d12d21,
by = ——— | =+ dugh (4.26)
3= 12 130131, .
where
di1 doq 0
D=| di2 dii+dy do |=(di1+de2)(di1dee — di2da1),
0 dy2 dao
L dm 0|,
Di=| 0 dii+da do |= 3 [da2 (d11 + da2) + da1 (do1 — di2)],
-3 di2 da2
din -5 0 1 di da1 -3
Dy=|di2 0 do |= —5 [d12dag + d11d21], D3 = | dia din+de2 O
0 —% dao 0 di2 —%
1
3 [di1 (di1 + do2) + diy — di2da] -
Remark 4.6. D > 0, d > 0 when
a1z > 1, a12 > 1, a12a21 > 12, a13 > a1, a21 < 2, a12 (2 —az1) > 1,
k3
T3 S 1+ — d33 < 0. (427)

Z1

If (4.27) holds, then by using (4.24) we dedused that by; > 0if a12a21+r2 < 2a;2,
a2 > 1, aiaore (a12 — 1) > ag1 ((l12 — 7“2) and 2a1o (a12 + 27"2) > a12a2172 +
3r2 or a12a21 + 1o > 2&12, a1272 (CL12 — 1) < a9 (a12 — ’/‘2), 2a12 (a12 + 2’/"2) <
a12a2172 + 37’2; b1 < 0, when aijoao; + 179 < 2a12, Q%Q + ajarg > 1 4 21,
bio > 0 if ajpas + 12 > 2a19, Q%Q + a1ary < 1 4 2rg; boo > 0, if ag; < 2,
ai2 (2 — agl) > 1o, 12021 + T2 < A12 (a21 + Tg) < Tr9 (a21 + a%z); bog > 0, when
a%2 +4aq9r9 > a12a91 + 212 and aqs (alg — 1) > a9 (a12 — 7“2); b3 <0ifby; >0
and bya < 0; boz > 0, when b7 > 0 and by < 0; b3z > 0 if d33 < 0.
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Consider the quadratic function
V4 (I’) = XTB4X = blle + b22{r% —+ b33$:23 —+ 2b12$1$2+

2b13z123 + 2ba3Toms.

It is clear to see that
Vi (21 — &1, 09 — T, x3) = biy (21 — 21)° 4 2b1a (21 — T1) (T2 — o) +

2b13 (21 — 2 — To) 3 + bao (z2 — 532)2 + 2bog (T9 — T2) T3 + bszzs =

1 2b12 ? bio\? 2
7b11 |:LE1 — ffl 4+ — (JCQ — Lfg):| + b22 — (> (372 — 2_72) -+ (428)
2 b11 bll
1 2y 1P 2b2, o
—byy |21 — T+ 3| + [b2— —= ) (x2a—T2)" +
2 b11 bll
b2 1 2b 2 2b2
(b33 — 13) .7)% + *bQQ l:J?Q — T2 + 13.’E3:| + (b33 — 13) T3 > O,
b11 2 b11 baa
when
2075 < biibaa, 2675 < bosbss. (4.29)

Hence, Vj (z) is a positive defined Lyapunov function candidate in neighborhood
of B4 (T1,%2,0) C Ri. We have to show the following inequality:

o

Vi (x1 — 1,20 — Ta, 23) = 2[a13 (b1131 + b12T2) x5 — (b11%1 + b12T2)| 1+

2 [b1ax1 — 72 (b12%1 + baaZa)] Ta+

2 (b11Z1 + bi2Z2) (21 — Tl)z + 279 (b12Z1 + b22Z2) (z2 — 52)2 -
2 (b11%1 + bi2Za) T3 — 272 (b12T1 + boaT2) T3 — 2boarozy—
2111 + (bi2 + a12bi1 + a21b22) T2 + bi3xs] $§+

2 [b13 — (a12b13 + aigbi2) 2 — arsbiia1| x5+

[a21 (b12Z1 + b22T2 + biaTa) — (@12b12 + a21b22) To] T122+ (4.30)
2robas (1 — x2) xaxs + [a12 (b11Z1 + b12T2) — biaxa] T122—
2 [az1ba3xe + aigbizxs]) x123 + 2Q (x) <0,

where

Q (z) = [bi3 (x1 — 1) + bag (x2 — T2) + bzzxs] —az 1wy —dz| .

341
1‘1+k3
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The inequality (4.30) holds on the following set

ro (b12Z1 + b22T2)
b2 ’

Q4—{x€Ri: 1 <

(b1171 + biaTa) (w1 — 71)° + 72 (b12F1 + baoa) (w2 — T2)” <
(b11%1 + b12T2) T3 + 12 (b12T1 + booT2) T3 + baoras, (4.31)
biizy + (bia + ai2bi1 + ag1ba) x2 + bizzz > 0,
(a12b13 + a13b12) T2 + aizbiizy > b,

(b11T1 + b12Z2)
aiz (b11@1 + b12T2)’

To 2> Yq, T3 <

aa1b
25 < —222 g, big (w1 — 1) + bag (z2 — E2) + bgzzs > 0},
—biza13
where
Ny = max { a21 (b12§71 + ba2Ta + b127“2) 1 a12 (bll«’z'l + blg.f'g) }
? (a12b12 + a21b22) T b1a ’

Now, we consider the equilibria points F;;. Let A;; be the linearized matrix
with respect to equilibria point E;; and b;; were defined by (4.26).
Let
b1 = b1 (i,j) =1-2xy; — a12T25 — A13T 345, bo1 =

bo1 (4,7) = —a21w2, bay = bz (4,5) = 12 — 2rax9;j — a1,
b1z = b13 (4,7) = —a1314, b31 = b31 (4,7) = (4.32)
k173345 T3%14

— az1x3ij, b3z = b33 (i,j) = — a31%1; — ds.

(z1: + k1)° x1; + k3

Now, we show the following:
Condition 4.5. Assume: (1) ro < d3, (as1ks +ds —7“3)2 > 4dsaszi; (2)
a1 + dz + 2x1; + @122 + @13%35 + az1T1; > 1,

314

———— < a31%1; +dz, biibzz — bizbz > 0.
x1; + k3

Theorem 4.5. Assume the Condition 4.5 is satisfied. Moreover, suppose
bao + b33 > 0, — (b1 + bs3) (baz + bs3) < biobas,

4pty < pripez, 4pls < p11pss, 4p3s < D2apss -

Then the system (1.3) is asymptotically stable at equilibria points E;; in the
Lyapunov sense.
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Proof. Let A;; be the linearized matrix with respect to equilibria point A,
ie,

Aij = AE($1i75172j;933ij) =

1 —=2%1; — a12w2j — a137345 —a12%14 —a13%1;
—a21T; T9 — 2T9T9; — A21T1; 0
ksramsi; . T3T1i L
($1i+k3)2 a31T3ij 0 T1itks as31x14 dg

Consider the following Lyapunov equation

PijAij + APy = —I, (4.33)
where
P11 P12 P13
Pij= | p21 P22 P23 |5 Pk = Pmk (4, ), Pmk = Pkm.-
P31 P32 P33

By solving algebraic equation (4.33) in p,,x we obtain:

_ bsbio+ba(by2+b33)  bsbiz  bobig
P12 D y P13 D P33 D
1 —(14+2b + 2b
Doy = ——— (1 + 2b12p12) D1 = ( 21P12 31])13),
2b22 2bll
1
P23 = “r [b31p33 — (b11 + bs3) p13), (4.34)
where,
bos + b33) (b11 + b boo + b33) b
b2:b12+(22 33) (b11 33)7 b3:—(22 33) b1

b21 b21 ’

b1z bia  boa + b33
D= 0 2b3 2b33
bis by b3

By using the assumptions (1), (2) and by (4.20), (4.34) we get that

by >0, b3 <0, p12 <0, p11 >0, paa >0, p13 >0, p3z >0, pas < 0. (4.35)
So, by (4.32) we get D < 0. Consider now, the quadratic function
Vij (z) = XT P X = p112] + p2ox3 + p3axi + 2p1221%2 + 2p132123 + 2pazTas.

It is clear to see that

2 2
Vij (1‘) = pu <£L‘1 + plzl‘g) + b1 <ZC1 + mm:;) +
P11 2 P11

D22 D23 2 P22 2pi P33z 2pF
) (-2 -2
2 P11 2 P11
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2 2
{1722 _ P23} :r% >0,
2 D22

i.e. Vij (x) is a positive defined Lyapunov function candidate when the assump-
tion (3) holds. By assuming zj > 0, k = 1,2, 3, we have to show that
3

) oV;; dx
¥l k
Vij (1 — @14, T2 — T2j, T3 — T345) = E — =
k=1

Bxk dt

(4.36)

{l(a13 + 2x1;) Q1 + (@21 + 12 + 2x9;) Q2] x1 — =72} T2 + 2Q1 [a13xs — 1] 21+
2|Q1 (z1— 51711‘)2 + Qara (T2 — $2j)2 — Qi — Qlfcgj *p227’2$§] -
2[—p11 (z1 + a1222 + a1323) + p12x2) x%—
2 [(pasa21 + p13ai13) T1 + pr2a13T2 + pr13aisxs) x1x3—2 [p12 (a12 + r2) T2 + pi3aisxs +
(p22a21T2 + P12a21%1) } T1T2 + 2pa3ra (1 — x2) Tax3+

T3
X1 + k’g

2[p13 (1 — 14) + P23 (w2 — x25) + P33 (x3 — x35)] [ — a31] T123 < 0.

where
Q1= Q1 (4,7) = priz1i + p13x3ij, Q2 = Q2(4,75) = p12x1; + P22Taj + P23sij.
The inequality (4.36) holds if

[(a13 4+ 2z1;) Q1 + (@21 + ro + 2xa;) Q2] 1 — —12 <0, a1323 —1 <0,

Q1 (v1 — 213)” + Qora (z2 — w25)” < Quat; + Q123 + paray, (4.37)
P11 (71 + a1222 + a1373) + praze > 0,
(p23az1 + p13ais) 1 + pi12a13z2 + pr3aizrs > 0,
P12a2171 + [p12 (@12 + 72) + p22agi] T2 + p1zaiars > 0, z2 > 1,
(P13 (z1 — 214) + P23 (T2 — 225) + P33z (v3 — 345)) > 0.
Hence, sz is negative defined on

1
Qi = {:L' € Ri pxp <y, 23 < —, 19 > 1, (4.38)
a13

Q1 (1 — 21:)° + Qar2 (w2 — 725)° < Qrad, + Q1ad; + poora,
a1y + aexs + azxs > 0},

where
2

(a13 4 2215) Q1 + (a1 + 72 + 2225) Q2
ayp = min{pi1, pa3az + pi13ai13, pi2G21, P13 },
az = min{pi1aiz + p12, P12a13, P12 (@12 + r2) + p22azi, P23},
a3 = min {p11a137 Pp13a13, P13ai2, p33}~

i.e., the system (1.3) is asymptotically stabile at points F;;.

Y1 =

22



5. Basins of multiphase attractions

In this section, we will derive the domains of multipoint attraction sets of
the problem (1.3) — (1.4) at the the following attractor points

El (15 070) ) E2 (Oa 170) ) E3 (ai707 b:F) ) E4 (f17j270) ) Elj (xlia x2j7x3ij) )

where a, by, T1,Z, ®1;, 25, x3;; were defined by (4.16) and (4.24) .
Lyapunov’s method can be used to find the region of attraction or an esti-
mate of it. We show in this section the following results:
Theorem 5.1. Assume that the all conditions of Theorem 4.1 are satisfied.
Then the basin of multiphase attraction set of (1.3) — (1.4) at z = (1,0,0)
belongs to the set Q¢ C 24, where Q; was defined by (4.8) and

QC:{mERi:Vl(x)SC’},

here a positive constant C' is defined in bellow.
Proof. We are interested in the largest set (¢ that we can determine the
largest value for the constant C' such that Qc C D (V;), where

D (i) ={z € R Vi(2) 20, Vi (2) <0}
Let us now, find the set Q¢ C B, (%), where

C < min V1 (.T) = )\min (Pl)r2’

|lz—Z|=r

here P; was defined by (4.1), Apin (P1) denotes a minimum eigenvalue of the
corresponding matrix Aj.

Moreover, for some C' > 0 the inclusion Qs C €7 means the existence of
C' > 0 such that x € Q¢ implies x € Q, where

m
2 = {x ERY, w5 =m0+ Yy (t) 20,5 = 1,2,3, 25 > 1,
k=1

[(b11 (a12 + a13) + b1z (a21 + 1)) + biz] x1 + biarawa + bazazizs > 0,
baoao1x1 + baarawy + bazraxs > 0, (5.1)
by (21 — 1)% + (bag + bia) 23 < b1y, biszy + boga + baszs > bis},

where

biiai2 + bizagy + 12 + 1 biiaiz }

7y, = maxq 1, ,
2 { bazas1 + bizar2 bi2a13 + bizars

zj, =z (to) , tr € Os (to),
here Os (ty) was defined by (1.2) . Since bz < 0, we get from (5.1) that

x3 < B1x1 + Byxa, bizwy + b3zws > bis,
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bi1 (z1 — 1)2 + (baz + bi2) 23 + 23 < byy + (By71 + ﬂ2$2)27

where
1 biaro
By =— [((b11 (@12 + a13) + bi2 (@21 + 1)) + big)], By = ——.
bogaoy bazaz:
Hence,

Qo = {z € RY, by (21 — 1) + (bya + bia) a2 + 2% <

bll + (51 + 52772)2 , I1 Z 1} - Ql.
So, it is not hard to see that

Bi(z)={z € R’ |z —z| <7} CQ,

where

1 1
F=mng {bll + (B + 52772)2} ’ , Mo = max {b11, baa + b12,1}.

Then we obtain
€< min VA (@) = Auin (P1) 7,
x|=r1
i.e.
C < Amin (Pl) 7,(2)7 o = min {T’, f} .

Now, we consider the equilibria point F5 (0,1,0) and prove the following
result

Theorem 5.2. Assume that the all conditions of Theorem 4.2 and (4.15) are
satisfied. Then the basin of multiphase attraction set of (1.3)—(1.4) at E5 (0,1,0)
is whole Ri.

Proof. Indeed, by Theorem 4.2 the system (1.3) is global stable at E5 (0,1,0).
Thus, the basin of multiphase attraction set coincides with Ri.

Theorem 5.3. Assume that the all conditions of Theorem 4.3 are satisfied.
Then the basin of multiphase attraction set of (1.3) — (1.4) at Es3(a+,0,bs)
belongs to the set Q¢ C Qg, where 23 was defined by (4.23), here V3 (z) was
defined by (4.15).

Proof. We will find C' > 0 such that Q¢ C B, (E3) N Q3. It is clear to see
that Q¢ C B, (E3) for

C < min V3(z) = Apin (P3) 7%, = (ax,0,b3),

|lz—Z|=r

here Apin (P3) denotes a minimum eignevalue of Az. Let Q3 is a domain defined
by (4.23), i.e.

Q3 = {.T € Ri_ Tj = Tj, +Zajk$j (ty) > 0,5 =1,2,3,
k=1

Q121 + axo + a3T3 2> Yo, T1 = Y1, T2 < Yoz, T3 < Y31,
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(D11 + biras +bizbs) (z1 — ax)? + o (biaas + bosby + bos) 3 <
72 (b12a+ + bazbg + baa) + blll’?,} )

where
a1 = min{ [bnai + b13b¢ — 2a4 (b11 + bria+ + blgb;)} ,

biraiz + bi2az, bia, bz},
az = min{ ry (bigax + bagby) — 2a+72 (b12ax + bagby + baa) ,
bi2a12 + bo2aa1, baa, bas}, az = min{bizaiz, baz, bzz} = bag,
Yo = (br1ai2a+ + b1z + b1za12b+ + az1biza4 + az1basb) ,

(bi1ax + bi3bx) a3 + bi3 Ny = a13b1323 _ biagg
(b13 + a13b11) T

It is clear that as, az < 0 and a; > 0. Hence, ajz; — v > 0. Moreover, since

Y1 =

) 3 .
—ag1bo3 —bagaso

Q121 + aaxo + 33 2> Yo, T1 = Y1, T2 < Yoz, T3 < Y31,

we get
0<z3 <Byv — B,
where o "
= ) ﬁ = 0 .
P1= Tl e 2T Tlaam v an)
Thus,
Q0 = {z € RY: wy =aj + ) agpw; (B) 20,/ =1,2,3,  (5.3)
k=1

(011 + brrax + bisbs) (x1 — ai)2 + 79 (br2as + bagbs + bog) 73 + 23 <
ra (b2 + bagbs +baz) + by + (B = B2)’ )
From (4.23) it is not hard to see that
B: (2)={z €R3, |[x—z| <7} C Qs for z=(0,ax,bs),
where
1
(7)? = p [7“2 (bi2ax + basbs + bao) + b1y + (By71 — B2)?|
n= max{(b11 + bllai + blgby) , T2 (b12a:|: + b23b$ + b22) ) 1} .

Then we obtain that

C <  min _V3 (x) = Amin (P3) an

|lz—Z|=T

ie.
C< >\min (PB) f2 for rog = min {7", 77} .
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Consider the point E4 (Z1,T2,0). By reasoning as the above we prove the fol-
lowing result:

Theorem 5.4. Assume that the all conditions of Theorem 4.4 are satisfied.
Then the basin of multiphase attraction sets of (1.3) — (1.4) at E4 (Z1,%2,0)
belongs to the set 4, where 24 was defined by (4.31).

Proof. We will find C > 0 such that Q¢ C B, (Ey) C Q4. It is clear to see
that Q¢ C B, ( ) for

C< min V, (SC) = A\min (P4) ’I"27 T = (i’l,i‘g,O) R

|z—z|=r
here Amin (Py) denotes a minimum eignevalue of A4. From (4.31) we get
Quo ={w e RY: wj =), + oy () 20, § =1,2,3, (5.4)
k=1

T S Y1, T2 2 Yo, T3 §737

(b11Z1 + b12T2) (1 — f1)2 + 7o (b12Z1 + baaZ2) (z2 — 532)2 <

az1b
(b11%1 + b1aTa) T3 + 1o (b12%1 + booTa) T3 + bagraws, 13 < %Hiz,
—0130a13
a1x1 + Qe + agxry > 513} C Qq,
where - ~ ~ ~
Ny = bia — 72 (b12$1 + b22$2) e = (bn!ﬁ + b12$2)
! b12 T ays (b @y + biada)
az1 (b12Z1 + baaZa + biara) a1z (b11Z1 + b12Z2)
72 = max 9 15 )
(a12b12 + a21b22) bi2

a; = min{by, b1z }, ag = min{by3, b3},
ag = min {(b12 + a12b11 + a21b22) , a12b12 + a21b22, baz} .

)
From (5.4) It is not hard to see that v, < 2222 and

—b1s

B, (z)={z € R, |z — & <7} C Qy for T = (Z1,22,0),

[(51151 + bia®a) T3 + 79 (b12T1 + baaZa) T3 + bagrays + dz} )

_ _ _ _ . (67
n =max {b11Z1 + bi12T2, r2 (D121 + b22Z2), 1}, d = mlﬂ{ 2;2 - 71, ’73} .
—bi3

Then we obtain that

C <  min 7V4 (33) = A11'1i11 (P4) 772a

|lz—z|=T

ie.
C < >\min (P4) f2 for ro = min {7", 77} .
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Consider the points Fj;.

Theorem 5.5. Assume that the all conditions of Theorem 4.5 are satisfied.
Then the basin of multiphase attraction sets of (1.3) —(1.4) at points E;; belong
to Q;;, where Q;; was defined by (4.38).

Proof. We will find C' > 0 such that Q¢ C B, (E;;) C Q;;. It is clear to
see that Q¢ C B, ( ) for

C < min V5 (l’) = Amin (P5)7'23

|lz—Z|=r

here Apmin (P5) denotes a minimum eignevalue of As. Assume ay3 > 1.Then from
(4.38) it is not hard to see that

Br (E”) C QijO = {(L’ S Ri_ Tj = Ty, + Zajkxj (tk) > 0, ] = 1,2,3, (55)
k=1

1
T1 <7, T2 2> 1, $3§a7137

Q1 (z1 — $1i)2 + Qara (72 — x2j)2 + (23 — $3ij)2 < Qiaf; + ngﬂ-

1 2 )
s +poore +d°, — [a1x1 + aoxa] < azxs g,
13

where
a1 = min{pi1, p23as1 + Pi3ai3, P12G21, P13 },

ay = min{pi1a12 + p12, P12a13, P12 (@12 + r2) + P22asi, Pas},

—D12
«

a3 = min {p11a13, P13a13, P13ai2, p33}, d= (1 + 71) ,

a = max {az1, a1272}
" (a13 + 2x1;) Q1 + (a21 + 72 + 2225) Q2

(7 =

)

1 1 2
— [Qﬂ:i + le%j + ( - xgij) + poara + d?
n a13

n= maX{Qh Q27 1} .
Then we obtain that

C< min7V5 (Z‘) :Amin (P5)f2a

|lz—z|=T

ie.
C' < Amin (Ps) 72 for ro = min {r, 7}.
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Conclusion. Taking into account different and effective features of math-
ematical modelling and its possibilities to figure out a problem in dynamics on
the basis of its logic properties, it was surely pointed out the characteristics of a
mathematical model to use in description of needed processes of a given dynamic
system with identified problems. In this paper, a three dimensional model was
devoted to mathematical description and regulation possibilities of uncontrolled
tumor processes by organism as a complex system. The dynamics of interac-
tions of the dimensions corresponded to tumor cells, immune cells and healthy —
“host” — cells were given as forces of vectors, negatively or positively converging
to basins of attractions, depending on their importance for the complex system.
In order to make the model subjected to control, there was included multiphase
IVP, describing the system’s important parameters to operate with it in the
farther processes of stages of development. The model was undergone different
changes to determine its limits of survival: it was determined the conditions of
boundedness the system can be restricted, invariance in non- negativity, which
means the model keeps its properties of reactions to changing in proper way,
being subjected to different analysis, and the circumstances the system can be
forced to be dissipated in. The system was exposed to changing pressures to
estimate its convenience to biologically important properties as points of equilib-
ria and Lyapunov stability conditions. The next step in exploring of the model
were very complex and logistic approaches to its properties for verification of
the conditions, providing the global equilibria points and multimodal attraction
sets, having biologically strong value in regulation of the processes towards the
positive effects of feasible medical external implementation at the convenient
stages, determined by multimodal attraction basins.

Biological implications. Here we study a multiphase host-tumor model
that enhances the type of effector immune cells that can fight a tumor, and
stimulates effector immune cells to proliferate. Interactions between cancer tu-
mor cells, healthy host cells and the effector immune cells can explain long-term
tumor relapse. Here, the sufficient conditions is derived that under which the
possible biologically feasible dynamics is stable in the Lyapunov sense, and a
converges to one of equilibrium points. Since these equilibrium points have a
biological sense, we notice that understanding limit properties of dynamics of
cells populations based on solving the problem (1.3) — (1.4) may be of an es-
sential interest for the prediction of health conditions of a patient without a
treatment, when the data (e.g. the status of blood cells shown above) that de-
termines the condition of the patient are compared at various times tq, t1, ..., tm,
and correlated. In the section 3, we find the positively invariant domain By
that depend on multipoint IVP condition parameters ay, t; and m. Moreover,
the boundedness of orbits of the system (1.3) — (1.4) is derived. As a result,
the future evolution of cells populations involved in this model is completely
predictable in the following sense: by knowing the specific linear connection
between the tumor, guest and immune cells at the tg, t1,...t,, time phase densi-
ties, populations has an accurate and predictable estimate of its change. In the
section 4, lyapunov stability of the system (1.3) at the corresponding equilibria
points are studied. We show that the system (1.3) is global stable at the "free
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tumor " equilibria point Es (0,1,0). In the section 5, the basins of multiphase

attractors of the system (1.3) — (1.4) are constructed dependent on multipoint
parameters of IVP.
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