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Abstract. In this paper, the Cauchy problem for linear and nonlinear
wave equations is studied.The equation involves an abstract operator A
in a Hilbert space H and a convolution term. Here, assuming sufficient
smoothness on the initial data and on coefficients, the existence, unique-
ness, regularity properties, and blow-up of solutions are established in
terms of fractional powers of a given sectorial operator A. We obtain the
regularity properties of a wide class of wave equations by choosing a space
H and an operator A that appear in the field of physics.
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The main objective of this article is to study the existence, uniqueness, regular-
ity, and blow-up properties of the initial value problem (IVP) for the abstract
wave equation (WE)

ug —ax Au+ Au= f(u), (z,t) e Rp =R" x (0,7), (1.1)
u(z,0) =@ (z), ut (z,0) = ¢ () for a.e. z € R", (1.2)

where T' € (0, o0], A is a linear and f(u) is a nonlinear operator in a Hilbert
space H, a is a complex-valued function on R™, and * denotes convolution.
Here, ¢ (x) and ¢ (z) are the given H-valued initial functions.

The qualitative behaviours of a wide class of wave equations can be found,
e.g. in [2,4-10], [17-19] and [29-32]. Wave-type equations occur in a wide
variety of physical systems, such as the propagation of waves in elastic rods,
hydro-dynamical processes in plasma, and in materials science, which describes
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spinodal decomposition and the absence of mechanical stresses (see [1,11,14,
19-21,24]). Note that abstract hyperbolic equations were studied, e.g., in [2,
12,22,23].

Unlike these studies, in this paper both linear and nonlinear abstract
wave equations are considered. The LP-well-posedness of the Cauchy problem
(1.1)~(1.2) depends crucially on the presence of the linear operator A and
nonlinear function f (u). We determine the class of operator A and function
f to guarantee the existence, uniqueness, regularity properties, and blow up
of solutions (1.1)—(1.2) in terms of fractional powers of the operator A. By
assigning a concrete space for H and an appropriate operator A we can obtain
a variety of wave equations that occur in applications. As an example, we can
let H =I5 and choose A; as a matrix of finite or infinite dimension, i.e.,

A1 :[(Zij],i,j:LQ,...,N, NEN, D(A): lg

N

oo

= U= {uj}a .7 = ]-727 ey OO, ||qug = Zzaj |/u‘j|2 <00
j=1

for N = o0, (1.3)

where N denotes the set of natural numbers and a;; are real numbers (see,
e.g., [27, §1.18] for the space [). Therefore, as a corollary of our main result,
we obtain the existence, uniqueness, regularity properties, and blow-up of the
following IVP:

OPu—axAu+t (A +w)u=f(u), (z,t) e R i=1,2,.., N,
u; (2,0) = @i (x), Ogu; (x,0) =, (z) for a.e. z € R” (1.4)
in mixed LP (R%;l3), where p = (p,p,2).

As a second example we can choose H = L? (0,1) and Ay a degenerate
differential operator in L2 (0,1) with nonlocal boundary conditions

D (Ay) = {u e W2 (0,1), apul (0) + Bpuls (1) = 0, k = 1, 2} :
Agu = by (y) ul? + by (y)ul¥, 2 € R, y € (0,1), v € {0,1}, (1.5)
where ull = (y”%)l u for 0 < y < 3, by = by (y) is a continous function,

by = ba(y) is a bounded function in y € [0,1] for a.e. x € R, ay, [ are
complex numbers, and WLQ]’Q (0,1) is a weighted Sobolev space defined by

VVW[Q]’2 (0,1)={wu:ueL?*0,1), v e L?(0,1),
lullyne = lull 2 + [|u] , < oo.

Moreover, our main result implies the LP () -regularity property of a nonlocal
mixed problem for the degenerate PDE
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O —ax Aut (A3 + wu = £ (u) (1) € B,
aku[l/k] (wvovt) + ﬁku[uk] (fE, ]_,t) = 0, k= 172,

u(xvy70) :@(x,y),ut (:c,y,O) :1/’(%9)7
(xr,y) eR" x (0,1),t € (0,T), u=u(z,y,t), (1.8)

where the mixed norm is defined as

T /1 5 v
ey = | [ [ [1f ol i) i) <
R™ 0 0

Note that if we let H = C and let the operator A be a complex-valued function,
then one can obtain the previous results in the literature.

The traditional methods of the classical theory for wave equations is very
limited in its ability to handle abstract wave equations. Here, a LP -estimate
containing fractional degrees of A is shown for the solution. Therefore, to over-
come these difficulties we implement more powerful tools of abstract harmonic
analysis, operator theory, interpolation of Banach spaces, and embedding the-
orems of Sobolev-Lions spaces.

1. Definitions and Background

In order to state our results precisely, we introduce some notation and some
function spaces.

Let E be a Banach space and let L? (Q); E') denote the space of strongly
measurable E-valued functions that are defined on a measurable subset 2 C R™
with the norm

14

1l = 11 Loy = /Ilf(af)II% dr | ,1<p<oo,
Q

”.fHLOO(Q;E) =esssup || f (2)|p-
€N

Let Ey and E> be two Banach spaces, and let (E1, Ez), , for 6 € (0,1),
p € [1,00] denote the real interpolation spaces defined by the K-method [27,
§1.3.2.], Let Ey and E5 be two Banach spaces, and B (E1, F5) denote the space
of all bounded linear operators from E; to E,. For By = Fy = E that space
will be denoted by B (F).

Here,

Sy ={AeC, JargA[ < ¢, 0 < ¢ <7},
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A closed linear operator A is said to be t-sectorial in a Banach space FE
with bound M > 0 if D (A) and R (A) are dense on E, N (A) = {0} and

H(A + AI)*H < M

B(E)
for all A € Sy, 0 < ¢ < m, where [ is the identity operator in E, and D (A)
and R (A) denote the domain and range of the operator A, respectively. It
is known that (see, e.g., [27, §1.15.1] ) there exist fractional powers A% of a
sectorial operator A. Let (Ae) denote the space D (A‘g) with the graphical

norm
1

sy = (Nl + [ A%]7) 7 1< p < 00,0 < 6 < o0,

A sectorial operator A (§) is said to be uniformly sectorial in E for £ € R", if
D (A (£)) is independent of £ and the following uniform estimate

A+ an7 g, = e

holds for all A € Sy.

A linear operator A = A (&) belongs to o (My,w, E) (see [23, § 11.2]) if
D (A), R(A) are dense on E, N (A) = {0}, D (A (§)) is independent of £ € R"
and for ReA > w the uniform estimate holds

H (Ae) - )\21)_1HB(E) < My |ReA —w| .

Remark 1.1. Tt is known (see, e.g., [22, § 1.6], Theorem 6.3) that if A €
o (My,w,E) and 0 < o < 1, then A generates a bounded group operator
U (t) satisfying

U (D)l gy < MM, [ AUa ()| gy < MIE|, t € [0,T]. (2.1)
Let 1 < p < g < 0. A function ¥ € L>°(R") is called a Fourier multiplier
from LP(R"; E) to L4(R"; E) if the map P: u — F~1U(&)Fu for u € S(R™; E)
is well defined and extends to a bounded linear operator
P: LP(R™; E) — LYR™; E).

Let E be a Banach space and let S = S(R™; E) denote E-valued Schwartz
class, i.e., the space of all E-valued rapidly decreasing smooth functions on R™
equipped with its usual topology generated by seminorms. Let S(R™;C) be
denoted by S. Let S’(R™; E') denote the space of all continuous linear functions
from S into E equipped with the bounded convergence topology. Recall that
S(R™; E) is norm dense in LP(R"; E) when 1 < p < oo.

The Fourier transformation of the operator function B (z) with domain
D (B) independent on z € R™ is a generalized function defined as

A©u(p) =A(x)u(p) forue §' R E(B)), ¢ € S(R").
(For details see, e.g., [2, Section 3].)
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Definition 1.1. Let U be an open set in a Banach space X, and let Y be a
Banach space. A function f : U — Y is called (Fr échet) differentiable at z
€ U if there is a bounded linear operator D f(z) : X — Y, called the derivative
of f at a, such that

o I (@ 1) = [ (@) = Df (@) blly

=0.
h=0 11 x

If f is differentiable at each x € U, then f is said to be differentiable. This
function may also have a derivative, the second-order derivative of f, which,
by the definition of derivative, will be a map

D*f: U— L(X,L(X,Y)).

Let m be a positive integer, and let W™P (Q; E') denote an E'—valued Sobolev
space of all functions u € LP (2; E') that have the generalized derivatives % €
k

LP (Q; E) with the norm

o"Mu

- < 0.
oz}

Lr(QE)

n
HUHWm,p(Q;E) = ||u||LIJ(Q;E) + Z
k=1

Let W#P (R"; E) denote the fractional Sobolev space of order s € R, defined
as

WP (E) = WP (R"; E) = {u € S'(R"; B),

< 00 p.
LP(R™;E)

It is clear that W9 (R"; E) = L? (R"; E). Let Ey and E be two Banach spaces
and let Fy be continuously and densely embedded into E. Here, W*? (R™; Ey, F)
denotes a Sobolev- Lions- type space, i.e.,

_ 2\ 2 .
ey = |77 (1 167) o

WP (R"™; Ey, E) = {u e W*P (R™; E) N L (R™; Ey) ,
||“HWsm(Rn;EO,E) = HUHLP(R”;EO) + ”uHWSvP(R”;E) < OO}-

In a similar way, we define the following Sobolev- Lions- type space:
W22 (RY:; Eo, E) = {u € LP (R Ey) ,0fu € L* (R} E)
_ 2\ 2 . n
F.! (1+167) ae I REE), Jullysen @y

e (1)

= ”u”LP(R%;Eo) + HatQuHLP(R%;E) + ‘ Lr (R E) - OO}'
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Let L; (E) denote the space of all E-valued function space such that

oo
dt
fulligier = | [Ie@IE T ] <o01<a<oo u
0

oy = sup lu(®)g-
0<t<o0o

Let s > 0. The Fourier-analytic representation of an E-valued Besov space on
R™ is defined as

B, (R"E) = {ue s’ (R E),

n 2
— x—5 2\ 2 4112
”uHB;q(Rn;E) = ||F~! E t (1+|§| ) e el Yy,
k=1

)

Ly (LP(R";E))

p€(1,00), g €[1,00], 3> s}.

It should be note that the norm of a Besov space does not depend on s (see,
e.g., [27, § 2.3] for the case E = C).
Let

X, = L (R H), X, (A7) = L7 (R'S H (A7), 1< p, g < ox,
Y Y S (H) = WO (R H) Y0 (H) = Y 57 (H) 0 X,

[l

Yor = ||uHWa‘~P(R";H) + HuHXq < o0,

W*P (A7) = WP (R"; H (A7), 0 <y < 1,

YSP =Y5P (A H) =W (R"; H (A),H), Y>¥" = Y*>*P (A, H)
= WP (R} H (A), H), Y (A H) =Y*P (H) N X, (A),
lully;»a,my = lullyermy + lullx, a) < o0

Definition 1.1. For all T > 0, the function v € C? ([0,T];YZ*? (A, H)) that
satisfies the equation (1.1) — —(1.2) a.e. in R7% is called the continuous solution
or the strong solution of the problem (1.1) — —(1.2). If T < oo, then wu (z,t)
is called the local strong solution of the problem (1.1) — (1.2). If ' = oo, then
u (z,1) is called the global strong solution of (1.1)—(1.2).

Sometimes we use one and the same symbol C' without distinction to
denote various positive constants that may differ from each other even in a
single context. When we want to specify the dependence of such a constant on
a parameter, say «, we write C. Moreover, for u, v, > 0 the relations u < v,
u &~ v mean that there exist positive constants C, C7, Cy independent of u
and v such that, respectively,

u < Cuv, Civ < u < Cyu.

The paper is organized as follows: In Sect. 2, some definitions and back-
ground are given. In Sect. 2, we obtain the existence of a unique solution and
a priori estimates for the solution of the linearized problem (1.1)—(1.2). In
Sect. 3, we show the existence and uniqueness of a local strong solution of
the problem (1.1)-(1.2). In Sect. 4, the existence and uniqueness of a global
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strong solution of the problem (1.1)—(1.2) is derived. Section 5 is devoted to
the blow-up property of the solution of (1.1)—(1.2) . In Sect. 6, we show some
applications of the problem (1.1)—(1.2).

2. Estimates for the Linearized Equation

In this section, we make necessary estimates for solutions of the Cauchy prob-
lem for the nonlocal linear WE

up —ax Au+ Au=g(z,t),z € R", t € (0,T), T € (0, oo], (2.1)
u(z,0) =@ (), us (2,0) = (z) for a.e. 2 € R", (2.2)

where A is a linear operator in a Hilbert space H and a is a complex-valued
function on R"™. Let

HOp = (Ys,p (A7 H) vXp)ﬁ’p ) Hlp = (Ys,p (A7 H) aXp)l;izfyp )
where (Y7, X,), v denotes the real interpolation space between Y*? and X,

for 0 € (0,1), p € [1,00] (see, e.g., [27, §1.3]).

Remark 2.1. By properties of real interpolation of Banach spaces and inter-
polation of the intersection of spaces (see, e.g., [27, §1.3]), we obtain

Hop = (Y&p (Av H) N Xp, Xp) (Y&p (H) ) Xp)% n (Xp (A) 7Xp)2i

Pre D P

= w=H) P R H) O L7 (R (H (4), H) )
—s(i-3)» (Rn; (H(A),H) H) .

In a similar way, we have

s s(p=1) n.
Hip = (V™7 (A, H) N Xy Xp) iy, = W50 7 (R (H(A), H) 1, H) .
Remark 2.2. Let A be a densely defined operator on a Banach space. Let A
be a sectorial operator in a Hilbert space H. In view of interpolation by the
domain of sectorial operators (see, e.g., [27, §1.8.2]) we have the following
relation:

H(A'9%) C (H(A),H),, C H (A7)

for0<f<landO<e<1-—40.

Note that from the result of J. Lions - J.Peetre result (see, e.g., [27,
§1.8.2], we obtain the following result:
Lemma A;. The trace operator v — ‘Z;? (z,t) is bounded and continuous from
Y?25P (A, H) onto

: 1+Jp
(V5P (A H) ’Xp)ej,pv =

,j=0,1.
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Let
Ac=[a(leP+ 4]

Let A be a generator of the strongly continuous cosine operator-function
in H defined by formula

1 a1 e
Ct)=Calt)=3 (e““ + e—'t“)

(see, e.g., [3, §3, 12, §11]). Then, from the definition of the sine operator-
function S (t) , we have

t

S(t) = Sa () = /0(0) do, i, S(t) = %A*% (a‘mé - eitA5> .

Remark 2.3. Let A be a densely defined operator in a Hilbert space H. By
virtue of [3, Theorem 3.15.3.] , if A is a generator of a cosine function C (),
ie.,

R(NA) = %/e_)‘tC (t)dt for A > w,
0

then there exist w, M > 0 such that A € o (My,w, H).

Condition 2.1. Assume the following: (1) there exists @ € C'™) (R™) such that

a(©)1¢f € Suy, (1+1¢F) 5 psagg) < o,
m:\ﬁ|>1+g,p€(l,oo) for all £ € R";

(2) A is ¢-sectorial in H for ¢» < m — 1) and A is a generator of the cosine
function; (3) A¢ # 0 for all £ € R™.

In view of Condition 2.1 and by virtue of [3, § 3] (or [12, §11]) we obtain
that A¢ is a generator of the strongly continuous cosine and sine operator
function defined by

ne (€) = eitAe £ emite O (1) = C(£,1) = & (&)

2 b
n- (§)
%

() = S (&) = A7 (2.3)
First we need the following lemmas:

Lemma 2.1. Let Condition 2.1 hold. Then problem (2.1)-(2.2) has a strong
solution.
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Proof. Using the Fourier transform, we get from (2.1)-(2.2)
ﬁ/tt (ga t) + Aﬁd (6? t) = g (57 t) )
a(€,0)=@(6), @ (6,0 = (9), (24)

where @ (£,t) is the Fourier transform of u (z,t) in  and @ (€), ¢ (€) are the
Fourier transforms of ¢ and v, respectively. By virtue of [3, § 3, 12, § 11] we
obtain that A¢ is a generator of a strongly continuous cosine operator function
and that problem (2.4) has a unique solution for all £ € R™ that can be
expressed as

Qe =CEDGE) +5(EDD /S&JfT (€ r)dr,  (25)

for all £ € R™, i.e., problem (2.1)—(2.2) has a unique solution
where C (t), S1 (t), Q are linear operator functions defined by

CLhe=FCENRE], S v =F"[SEDD )],
Qr=F Q.. Qe = [[Set-nsn)dr
0

Now, we can show the main results of this section.

Theorem 2.1. Assume that Condition 2.1 holds and

2p (2 1)
s > -+—-1n 2.7
2p—1\q »p @7)

forp € [1,00] and some q € [1,2]. Let 0 < a < 1—%. Then for ¢ € X1 (A%)N
Hop, ¥ € X1 (AY)NHyp, g(,t) € YP 6 €[0,T), and g (z,.) € L* (0,T;Y;7),
x € R™, problem (2.1) — (2.2) has a unique solution u(x,t) € C? ([0,T]; X)
and the following uniform estimate holds:

lA%ullx < Co [I9ll,, +14°¢lx, +

)

t

1, + 14615, + [ (lotr)

0

yer + 19 (ll, ) dr | 5 (2:8)

moreover, for ¢ € X3 (A%"’O‘) N Hyp, ¥ € X3 (A%"’a) N Hy, and g(.,t) €
YP (A%) we have

1
|A@uﬂxa)scx)H¢nH%-+HAa+awHX
1
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; / (4ot 2) dT] |

uniformly in t € [0,T], where the constant Cy > 0 depends only on A, H, and
initial data.

1 «@
+ ¥, + |45

+ |[atg (7|

S,P
Yl

Proof. By Lemma 2.1, the problem (2.1)—(2.2) has a solution u(z,t) € C? ([0,T7];
VP (A; H)) for ¢ € X1 (AY), v € Hyp , g(,t) € VP, and g(z,.) € L*
(0,7;Y;"F). Let N € N and
Iy ={{:£€R™, [§| <N}, Oy ={{: £ €R, (] > N}.
From (2.6) we deduce that

1A%l S [[F7C (61 A% (]| oy

tErsEn i@, +IETCENAGE] ny,
esoril,,, Sl e, .,
rzlEraacnaen), 29)

By virtue of Remarks 2.1, 2.2 and the properties of sectorial operators,
we get the following uniform estimate

HIF‘lA“@ (5’t)g(€’T)HLoc(nN> <Clglx, -

Hence, due to the uniform boundedness of operator functions C (&,t),
S (&,t), in view of (2.3), and by Minkowski’s inequality for integrals, we get
the uniform estimate

[F~1C (&,1) A%G ()| poo ) + HF‘lS(ﬁ,t) A% (§)H

S A%l x, + 1A%l 5, + llgllx,] -

l < .
S 1
M()re()\/er, fI‘()m (2.6) we deduce that

[F1C(6,6) 4G ©)l] ooy + [ S €00 4% @)

Le=(In)

Let

<Fo e A%(f)HLm +|[Fts e avi )|,
tEsEnaeenaen),
S HF_l (1+1¢) :

C(6n) (1+16P)" a%3 ()

Lo
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1
2

+ HJF‘l (1 v \§|2)7é S (&,1) (1 +1¢1*)" A% ()

N~—

Lo
—1
2

+ HIF‘I (1+167) " s(en (1+167) 2003 €n)

)

Loo
(2.10)

where here the space L (Q; H) is denoted by L. It is clear that

1

d&k [(1+|f ) *AYC (€,t) B (5)}

— (1416?) 7 [it (a© 6 + 22 16P) B ©)n (6)
A [a@ie +4] |
4 (14167) T C e an0 (9~ 16 (14167) T AC €00 (6).
% {(1 1) T A e <s>]
= (1+ |£\2)7é (34 Vit (age + 22 1)
A - €+t (9] A% (5)]
St (1 1P) T AT e e (@), (2.11)

1—L —gq 2 S(liﬁ)iso 1
By (€) = |A +(1+|§\) 0<e<l-g,

Bor(6) =20 <1 B % B 60) (1+ |£|2)5(1‘2”"‘“°‘1]

[Al—zp 0y (1+ €] ) (1_21")_80}2,

o =260 (s (5 5) o) [(1+ |§|2)s<;—2;>_€1_1]

2
x [Aé; (1+|§| ) - 21‘7)_61] . (2.12)
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Using the resolvent properties of sectorial operators, we have

H(l + If\z)% o ()]  <Cii=12
B(H)
14°C (€0) @0 ()l py < C |44~ 0=5 ) 9| <,
14°8 (€.0) #1 Ol sy < [42n @), A2 b0 @)
< CHAO‘A*@*%*EO) (g)HB(H) <. (2.13)

Then by calculating %@0 (€), 2 36 21 (£) , we obtain

0 0
A @‘Po(@EB(H)aA T&@l(f)EB(H)-

n(i41
Let us show that G; (.,t) € Bq7(1q+p) (R™; B (H)) for some g € (1,2) and
for all t € [0, T, where

L

Giet) = (1+16F) A0 (0@ (©). i=0, 1.

By the embedding properties of Sobolev and Besov spaces it sufficient to derive
that G; € W7 (R™; B (H)) for some o > n (% + %) Indeed, by contraction,

Condition 2.1, and by (2.12) we get G; € L7 (R™; B(H)). For deriving the
embedding relations G; € W (R"; B (H)), it suffices to show that

(141 )% G, (1) € L7 (R") for all t € [0, T].

Indeed, in view of (2.12), (1 + |§|2) @, (€) are uniformly bounded for £ € R™.
By virtue of (2.3), (2.13), by assumption (2.7), and in view of Remark 2.3, we

have
[ (1+167) Gt v ae

R

/(Hm) 1€ DI 1473 (Ol €

i
< [(i+1er) T |«s|‘€qcz«s</(1+f|2)(l;)qdfmo
R™ R»

for

- <3+1> 2p
S n|— — .
q p)2p-—1
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Hence by the Fourier multiplier theorems (see, e.g., [13, Theorem 4.3]) we
get that the functions G; (£, t) are Fourier multipliers from L? (R™; H) to
L>* (R™; H). In a similar way we obtain that

(1+167) F s (1+167) " a9,

(14 162) s 60 (14 16R) @60 967

are LP (R"; H) — L*° (R™; H) Fourier multipliers. Then by Minkowski’s in-
equality for integrals, from (2.3), (2.10) -(2.12) and by Remark 2.3 we have

|F7e €0 4% @, +[Fs 0 4@
SIFCEon el + [Fs o9,

S 16y, + 1l + Igllyen ] (2.14)

Moreover, by virtue of Remark 2.1-2.3 and by reasoning as above, we have the
following estimate:

t

|prarqen] <c [ (gt +lglx) dr (215)
0
uniformly in ¢ € [0, T]. Thus, from (2.6), (2.14), and (2.15) we obtain

l4%ullx. < C [Igl,, +14°¢llx,

t

il + 14%005, + [ (g (7

0

yer H9 (), ) dr| - (2.16)

By differentiating (2.6) in a similar way, we get the second inequality

lA%udllx, < C [l +114°¢lx,
t

A%l + 1400, + [ (9 o)

0

Y s:p + ||g ('a T)||X1) dT

(2.17)

Then from (2.16) and (2.17), in view of Remarks 2.1, 2.2, we obtain the
estimate (2.8).

Let us now show that problem (2.1)-(2.2) has a unique solution u €
CMW ([0,T];Y*P) . Suppose that the problem (2.1) —(2.2) has two solutions wu;,
uy € C ([0, T];Y*P). Then by the linearity of (2.1), we get that v = u; — us
is also a solution of the corresponding homogenous equation

ugp —ax Au+ Au =0, v (z,0) =0, v (,0) =0, z € R"*, t € (0,7).
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Moreover, by (2.16) we have the following estimate

lll4%ullx [l <0
Since N (A) = {0}, the above estimate implies that v =0, i.e., u3 = ua.

Theorem 2.2. Assume that Condition 2.1 and (2.7) are satisfied. Let 0 <
a < 1-— ﬁ. Then for ¢, » € Y5P(A%), g(.,t) € Y*P ¢t € [0,T], and
g(.,t) € LY(0,T;Y*P), x € R", problem (2.1)-(2.2) has a unique solution
u € C?([0,T);Y*P) and the following uniform estimate holds:

[ A%ul

ysp

< Co [[A%llyen + (1A%

t
o+ / 19 G )llyendr |, (218)
0

Moreover, for ¢, ¥ € YSP (AO‘J“%) and g (x,t) € Y5P (A%) we have the

following estimate

[A%utllysp <

dr
ys.p

t
Co |||atteg], ., + HA%+“¢HM+/HA%g(-,T)\
0

for allt €10,T7.

Proof. From (2.5) and (2.11) we get the following uniform estimate:

(H]F—l (1+1[¢?)2 A%a

ol el )

<c{[Fta+ie?)icEnaite

o I i)t s e g

Xp

[l aiaenaen| dr}. (2.19)

0
Using the Fourier multiplier theorem [13, Theorem 4.3] and reasoning
as in Theorem 2.1 we get that (1 + |£|2)_2 C (&), (1 + |£|2)_2 S (&,t) and

(1 + |§|2)7§ A*>S (&,t) are Fourier multipliers in L? (R™; H) uniformly with

respect to t € [0, T]. So, the estimate (2.19) by using the Minkowski’s inequality
for integrals implies (2.18).
The uniqueness of (2.1)—(2.2) is obtained by reasoning as in Theorem 2.1.
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3. Local Well Posedness of IVP for Nonlinear WE

In this section, we will show the local existence and uniqueness of a solution
of the nonlinear problem (1.1)—(1.2).

For this we need the following lemmas. Reasoning as in [5,15,31], we
prove the following lemmas concerning the behaviour of the nonlinear term in
the F-valued space Y*P. Here, let H be a Banach algebra.

Lemma 3.1. Let s > 0, f € CUIHY (H; H) with f(0) = 0. Then for all u €
Y*PNL>, we have f(u) () € Y5P N X . Moreover, there is a constant A(M)
depending on M such that for all w € Y*P N L with |lull x < M,

1f @)llysr < C (M) [[u)llys,n - (3.1)
Using Lemma 3.1 and properties of convolution operators we obtain the fol-

lowing corollary:

Corollary 3.1. Let s > 0, f € C¥I*Y (R; H) with f(0) = 0. Moreover, assume
® € L>® (R™; B(H)). Then for all u € Y*P N L™ we have, f(u) € Y*P N X.
Moreover, there is a constant A(M) depending on M such that for all u €
YoP 0L with [lul x_ < M,

1 f (u)]

Lemma 3.2. Lets > 0, f € CB¥IHY (R; H). Then for every M there is a constant
K(M) depending on M such that for all u, v € Y*P N X with ||u||Xoo <M,
HU”XQC < M7 ||u| Ysp < M; ”U‘ Ys:p < M7

1f(w) = fllyer < K (M) [lu=vlly.n, [f(u)—=flullx < KEM)|u-ovllx

Reasoning as in [30, Lemma 3.4] and [15, Lemma X 4] we have, respec-
tively:

yor < C (M) [[u)]

ys.p -

Corollary 3.2. Lets> 3, f € CBIFL(R; H). Then for every positive M there is
a constant K(M) depending on M such that for all u, v € Y*P with ||u
M; ||U‘ Y s.p S M7

Y s.p S

1f(w) = f(ullyer < K (M) [lu=vllysp -
Lemma 3.3. If s > 0, then Y P is an algebra. Moreover, for f, g € YIP,
1fallyen < C LI Ix + M9llyen + 1 flyen + llallx ]

Using Corollary 3.1 and Lemma 3.3 we obtain the following results:
Lemma 3.4. Let s >0, f € CEIHYY (R, H), and f (u) = O (|u|7+1) foru — 0,
v > 1 a positive integer. If u € Y37 and ||ullx < M, then

1 (@)llye < C (M) [lully.n lullx ],
-1
1f()llx, < C M) lull, llulx_ -
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Corollary 3.3. Let s > 0, f € CEIHY (R H), and f (u) = O (|u|7+1> for u —

0, v > 1 a positive integer. Moreover, assume ® € L (R™; B (H)). Ifu € YZP
and ||ul|x_ < M, then

19+ f(w)llya < C (M) [tellyen Iull%_]
1@ F(u)l, < C (M) [lullk, fulk-

Lemma 3.5. Let s > 0, f € ClI+L (R H), and f (u) = O (|u|7+1) foru — 0.

Moreover, let v > 0 be a positive integer. If u, v € YP, |ully., < M,
[ollyer <M and [lulx <M, |lv]x <M, then

1 () = f(0)llye < C O [(lullx_ = 0]y ) (ellyen + o]
(lull_ +lollx )"
1£() = F@llx, < C ) (lullx + o)™ (lullx, + ol ) e = vl -

Let Hy denote the real interpolation space between Y*P (A, H) and X,

with 0 = ﬁ, i.e.,

yar)

)

Hop = (Y*7 (A, H), Xp) 4

5500

Remark 3.0. Let u € Y?5P = WP (R%; H (A), H). Then by a result of J.

Lions and J. Peetre (see e.g. [27, §1.8.2] the trace operator u — % (x,t) is

bounded from Y25? to C (R"; (YsP, X,) ), where

0;,p
n S S n 1 + jp ;

X, =LP (R H), Y*P =W*P(R";H(A),H), 0; = % , 3 =0,1.
Moreover, if u (z,.) € (YS*”,XP)GJ_ > then under some assumptions that will
be stated in Sect. 3, f(u) € H for all z, t € R and the map u — f (u) is
bounded from (YS’P,XP,)%W into H. Hence, the nonlinear equation (1.1) is

satisfied in the Banach space H. Here, H (A) denotes a domain of A equipped
with the graphical norm, (Y7, X,), » is a real interpolation space between

)

Y*®P and X, for 0 € (0,1), p € [1,00] (see, e.g., [27, §1.3]).

Remark 3.1. Using a result of J. Lions-1. Petree (see, e.g., [27, § 1.8]) we ob-
tain that the map u — wu (to), to € [0,7] is continuous and surjective from
Y?25P (A, H) onto Hp, and there is a constant C; such that

l[u (o) llg,, < Crllully2eniam 1 <p< oo (3.6)
Let
C? (VP (A)) = CP ([0, T]: Y7 (A, H)), C** (A, H)
=C@ ([0,T];Y*P (A, H)).

Condition 3.1. Assume the following:
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(1) Condition 2.1 holds, 0 < a < 1 — i and

5> 2p2€1 (2: +;> ,q€(1,2],pe[l,00];
(2) the function u — f (u) is continuous from u € Hy, into E, f € C* (H; H)
with k an integer, k > s > 2, and f (u) = O <|u|7+1) for u — 0, where
v > 1 is a positive integer.
Let

YT (A% H) = YSP (A% H) N X0 (A%), YSF (A% H) = {u €Y*P (A% H),

’F‘l (1 + \§|2>5 af| < ooy
XP

The main aim of this section is to prove the following results:

[ullye.n AcsH) = A%l +
( ) »

Theorem 3.1. Let Condition 3.1 hold. Then there exists a constant 6 > 0 such
that for all p € Yy (A®) and ¢ € Y1 (A%) satisfying

||<PHHOP + ||Aa90||x1 + ||1/’||H1p + ||‘4a¢||)(1 <4, (3.7)

problem (1.1)—(1.2) has a unique local strong solution u € C? (Y, (A)). More-
over,

sup (IIu(.,t)I Yls,p(Aa;E)) < G, (3.8)

v (ae,m) T llue (1)
t€[0,T]
where the constant C' depends only on A, H, g, f, and initial values.

Proof. By (2.5), (2.6), the problem of finding a solution u of (1.1)—(1.2) is
equivalent to finding a fixed point of the mapping

Gu)=Ci({t)e(x)+ 51 ()¢ (z) +Q(u), (3.9)

where C (t), S; (t) are defined by (2.6) and @ (u) is the map defined by
t

Q) =~ [F [Uet-m)Fw €] dn
0
We define the metric space

C (T, A) = C2 (Y (A)) = {u € C** (A, H), |[ullgermzoy < 5005}
equipped with the norm defined by
lallegrn = sup [[A% (o 8)llx + u ()]
t€[0,T]

ysp T

1A% us ()l A+ llue (5 )llyen]

where ¢ > 0 satisfies (3.7) and Cj is the constant in Theorems 2.1 and 2.2. It
is easy to prove that C (T, A) is a complete metric space. From embedding of
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the Sobolev—Lions space Y (A, H) (see, e.g., [30], Theorem 1) and the trace
result (3.6) we obtain that [lul|y < 1 if we take J small enough. For ¢ €
Yy (A%) and ¢ € Y7 (A%), let

el + 1A%l x, + 19, + A%l x, =9

We will find 7 and M that G is a contraction in C%*? (T, A). By Theorems
2.1, 2.2 and Corollary 3.3 f (u) € Y;"?. So, problem (1.1)-(1.2) has a solution
satisfying

Gu)(z,t)=C1(t) e+ S1 () Y+ Q (u), (3.10)

where Ci (t), Si (t) are defined by (2.5) and (2.6). By our assumptions, it is
easy to see that the map G is well defined for f e Clsl+! (Hop; H). First, let
us prove that the map G has a unique fixed point in C (T, A). For this, it is
sufficient to show that the operator G maps C (T, A) into C' (T, A) and G is
strictly contractive if ¢ is sufficiently small. In fact, by (2.7) in Theorem 2.1,
Corollary 3.3, and in view of (3.7), we have

[A%G (w)llx, + 1A°G: (w)l x, < 2C0 | I@llyeam

+1Yllyeae) + /t (Hf((u))’ ‘Xl) dr
0

<2046+ C / (e ()l M (P, + s (), e () 1%)

+ £ ()

Ys.p ‘

< 2005+0||u||gt£,, (T.4) (3.11)

On the other hand, by (2.17), Corollary 3.3, and (3.7), we get

(A%G (u)]

yor T [1AG: (u)]

o)

dr
ys.p

<26 (e, + 11, + [ [ ()
0

t

< 2005 + / [l ()

0

1
yoo T (D)% ] dr < 2Co8 + C llull 5 i -

(3.12)
Hence combining (3.11) with (3.12), we obtain
1A%G (W) llygr + 1A% Gy (u)]

1
yar S4C8 + CllulLhen(ray - (3.13)
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So taking ¢ small enough that C' (5Cgd)” < %, by Theorems 2.1, 2.2 and (3.13),
G maps C (T, A) into C (T, A).

Now we are going to prove that the map G is strictly contractive. Let uq,
ug € C (T, A) be given. From (3.10) we get

G (u1) — G (u2)
/ (x,t—1) f(ul)(T)—f(ug) (T))} dr,t € (0,T).

By (2.7) in Theorem 2.1 and Corollary 3.3, we have
[A%[G (u1) = G (u2)]llx . + |A" [G (ur) = G (u2)]yll

< (st 03], + [ 7o)
< [{ur el Gl

0

> dr
X1

-1
yor) (luallx +lluzllx_)’

yor + [luz]

vor (luallx_ + ||“2HX00)V
—1
 (hualle + ezl )™ llu + wslly, e = wally, §
v
<C (HU1||C(T,A) + ||u2||C(T7A)> llur = uzllcr,a) - (3.14)

On the other hand, by (2.17) in Theorem 2.2, Corollary 3.3, and (3.7),
we get

(A% [G (w1) = G (ua)]]

+ [lur — us

yeor T A% [G (u1) — G (u2)],|

you)

dr
ysp

<q/Wu1 ~  (uz) (7)

1

SC/{MrWA@WmMW+MﬂwJWMmngMJ%

0
= wallyes (lurllx, + uallx) pdr
< € (lullegroa + lllogr ) = ulloga - (3.15)
Combining (3.14) with (3.15) yields
G (1) = G () oz a

,
< C (Illogroa + Nuzlloea ) o= uzlloea - (3.16)
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Taking 0 small enough, from (3.16) we obtain that G is strictly contractive
in C (T, A). Using the contraction mapping principle, we get that G (u) has a
unique fixed point u (z,t) € C (T, A) and u (z,t) is the solution of (1.1)—(1.2).

Let us show that this solution is unique in C?% (A, H). Let uy, uy €
C?% (A, H) be two solutions of (1.1)—(1.2). Then for u = u; — uz, we have
Uy —ax Au+ Au=[f (u1) — f (u2)]. (3.17)

Hence by Minkowski’s inequality for integrals and by Theorem 2.2, from (3.17)
we obtain

t
||7.L1 — 7.L2| Ys.p § CQ (T) / Hul — ’LL2| Ys.p dT. (318)
0

From (3.18) and Gronwall’s inequality, we have ||u; — us]
lem (1.1)—(1.2) has a unique solution in C** (A, H).
Consider the problem (1.1)—(1.2) when ¢ € Hy, and ¢ € Hy,. Let

CD (v*2) = 0D([0,00); Y2 (4, H)), i = 0,1,2.

Condition 3.2. Assume the following: (1) Condition 2.1 holds; (2) 0 < a <
1— %, ¢ € Hop, ¥ € Hyp, and

ys» = 0, i.e., prob-

2p <2 1)
s> -+—-Jn,q€e|1,2],pe(1,00);
g (o4 1,2), pe (1,00)

(3) f € CEIHY(H; H) with £(0) = 0.
Reasoning as in Theorem 3.1 and [13, Theorem 1.1] , we have the follow-
ing:
Theorem 3.2. Let Condition 3.2 hold. Then there exists a constant § > 0 such
that for all ¢ € Hyp, ¢ € Hy,y satisfying
el + 10, < 3, (3.19)

problem (1.1)~(1.2) has a unique local strong solution u € C'®) (Y*P). More-
over,

s (11 ()l (st 18 ) o) < CO (3:20)

t€[0,T)

where the constant C' depends only on f and initial data.
Proof. Consider the metric space defined by

Wo? = {ue C® (™), luly., <3Cod},
equipped with the norm

lllwgr = 50D (tllyom oy + Ntellyom o))

t€[0,T)
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where 6 > 0 satisfies (3.19) and Cjy is the constant in Theorem 2.1. It is
easy to prove that W' is a complete metric space. From Sobolev embedding
theorem we know that |lul| < 1 if we take § small enough. By Theorem
2.2 and Corollary 3.1, f(u) € Y*P. Thus problem (1.1) —(1.2) has a unique
solution, which can be written as (3.9). We should prove that the operator
G (u) defined by (3.9) is strictly contractive if ¢ is sufficiently small. In fact,
by (2.17) in Theorem 2.2 and Lemma 3.1, we get

[A%G (W)l + 147G (u) |y

t
< Co |[leley, + Il + / 1K () (o7l dr
0
t
< Cob + Co / 1K () (o)l d
0

t
<Cod+C [ [u(@)lyendr <o+ Clullyrns (320
0

where
Ku)(,7)=8S(x,t—7) f(u)(x,7).
Therefore, from (3.20) we have
IG (W)llysr <2Co0 + Cllully.p - (3.22)

Taking § small enough that C (3Co0)” < 1/3, from (3.22) and from Theorems
2.1, 2.2 we get that G maps W;"” into WP Then reasoning as in Theorem 3.1,
we obtain that G : Wi — W™ is strictly contractive. Using the contraction
mapping principle, we know that G(u) has a unique fixed point u € C'?) (YSvQ)
and u(x,t) is the solution of problem (1.1) — (1.2). Moreover, by virtue of
Theorem 2.1, from (3.19) we obtain (3.20) .

We claim that the solution of (1.1)-(1.2) is also unique in CV (Y'*2).
In fact, let u; and ws be two solutions of the problem (1.1)—(1.2) and wq,
uy € C? (YS’Z). Using the contraction mapping principle, we know that G(u)
has a unique fixed point u € C'? (YS’Z). Let uw = uy — ug. Then

U — ax Au+ Au = f (u1) — f (u2).

This fact is derived in a similar way to what was done in Theorem 3.1,
using Theorems 2.1, 2.2 and Gronwall’s inequality.
Let

O3 (y*?) = CP ([0, T]:Y*P (A; H)).
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Theorem 3.3. Let Condition 3.2 hold. Then there exist T > 0 such that prob-
lem (1.1)-(1.2) is well posed with solution in C* ([0,T];Y*P? (A, H)) for initial
data ¢ € Ho, and ¢ € Hy,,.

Proof. Consider the operator u — f (u). By Corollary 3.1, f (u) is locally
Lipschitz on Y*P. Then reasoning as in Theorem 3.2 and [13, Theorem 1.1],
we obtain that G: Wi¥ — WP is strictly contractive. Using the contraction
mapping principle, we get that the operator G(u) defined by (3.5) has a unique
fixed point u(z,t) € C? (Y*P) and u(z,t) is the solution of the problem
(1.1) — (1.2). Moreover, we show that the solution u(z,t) of (1.1) — (1.2) is also
unique in C? (Y*?). In fact, let u; and uy be two solutions of the problem
(1.1) — (1.2) and uy, up € C® (Y*P). Let u = u; — up. Then

U — ax Au+ Au = f(u1) — f (u2).

This fact is derived in a similar way to what was done in Theorem 3.2, by
using Theorems 2.1, 2.2 and Gronwall’s inequality.
The solution in Theorems 3.2-3.3 can be extended to a maximal interval
[0, Tinax ), where finite Ty,.x is characterized by the blow-up condition
lim sup |[|u]

—

ys.p(AxyH) = OO
Lemma 3.8. Let Condition 3.2 hold and u be a solution of (1.1) — (1.2). Then
there is a global solution if for all T < oo, we have

sup (Il ey + Nellyengaosary) < o0 (3.24)
te[0,7
Proof. Indeed, reasoning as in the second part of the proof of Theorem 3.1,
using a continuation of the local solution of (1.1)—(1.2), and assuming contrary
that (3.24) holds and Ty < oo, we obtain a contradiction, i.e., we get Ty =
Tmax = OQ.

4. Conservation of Energy and Global Existence

In this section, we prove the existence and uniqueness of the global strong
solution for the problem (1.1) — (1.2). For this purpose, we are going to make
a priori estimates of the strong solution of (1.1)—(1.2). Here, the scalar product
of u, v € X5 will be denoted just by (u,v). Moreover, the norm of u € X5 will
be denoted by |u]|.

Let

W (xry=cW ([0, T);X?), C*9) (A, H) =C? ([0,T];Y** (4 H)),

where Y*P (A; H) is as defined in Sect. 2.
First, we prove the following lemma:
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Lemma 4.1. Let Condition 3.2 hold and 0 < oo < 1 — i . Assume there exist
a solution u € C>%) (A, H) of (1.1)~(1.2). Then

A%, A%y € O (XP).

Proof. By Lemma 2.1, problem (1.1)—(1.2) is equivalent to the integral equa-
tion,

u(z,t) =Cr(t)p+ 51 ()Y +Q(f), (4.1)

where C (t), Sy (t) are operator functions defined by (2.5) and (2.6), g replaced
by f(u), and

t

Q= [F [set-n)F ) ©)]r (12)

0

From (4.1) we get that

ue (1) = L0 () o+ 51 (1)
+ [ e t-nFw )] dn (43)

Since Cy (t), S1(t), and £S5 (¢,t) are uniformly bounded operators in E for
fixed ¢, by (4.2) and Fourier multiplier results in X? spaces (see, e.g., [12,
Theorem 4.3]), we have

[4°Cr (1) @l xp = ||F7HAC (1) || » S Nl < 005
s, = s e v]],, S 1ot < w3

By differentiating (2.3), in a similar way we have
—F 4t en e

» dt =’

S el < o,

L d et [ e d .
|«gsiod],, [ s e,

S Y, < oo (4.5)

d
AY—
H dtcl (t)@’

Xp

For fixed t, we have f(u) € Y*P. Moreover, by the assumption on A we have
the uniform estimate

HAQA?HB(H) < Ca.



229 Page 24 of 33 V. Shakhmurov, R. Shahmurov Results Math

Due to s + 7 > 1, from (4.2) and Fourier multiplier results in X, we get

¢
4@l < |EH 4% [ S(6t =7 @ (©dr
0 Xp

SCallf (u)l

Then from (4.1) and (4.3)—(4.6) we obtain the assertion.

ysp < OO.

(4.6)

Lemma 4.2. Assume Condition 3.2 holds with a = 0. Suppose a solution of
(1.1) = (1.2) eaists in C>*) (A, H). If p € XP, then u, € CV(XP). Moreover,

if o € XP, then u € CM(XP).

Proof. Integrating equation (1.1) for a = 0 twice and calculating the resulting

double integral as an iterated integral, we have

u(x,t) = o () + 1y (x)

t

t
/t—T ) (Au) ( deT—l—/t—T ) (z,7)dr,
0 0

t ¢
ut (x, /Au J:TdT—l—/f (x,7)dr.
0

From (4.8), for fixed t and 7 we get f (u ) € Y*P for all t. Also

I @) Olls S [F2F @ 9, -
Then from (4.7)—(4.9) we obtain
I (Bl < 1 Ol

/ (Au) (7l d + / 1 (@) (7)o 7

By the assumption on A, g and for fixed 7 we have u; € C™M) (XP),
[Au (llxr S NFaE ) || o S )y ay -

(4.7)

(4.8)

(4.9)

Moreover, by Lemma 3.3 we have u; € C") (XP). The second statement follows

similarly from (4.7).
Let

B (o) = /f(T)dT.

(4.10)

Condition 3.3. Assume that Condition 3.2 hold and A is a symmetric operator
in H. Suppose that s+7 > 1 and a (z) = a(—=x). Let o, ¥ € Y52 (A, H)N X

and @ (.) € L!
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Lemma 4.3. Let Condition 3.3 hold and let u € C**) (A, H) be a solution of
(1.1)-(1.2) for any ¢t € [0, T). Then the energy

E (t) = luell® + (a % Au, u) 4 (Au, u) — 2/<I> (u)dx (4.11)
R"’L
18 constant.

Proof. By assumptions @ (.) € L' and Au, Au; € X2 Due to a(z) = a(—z),
we have

((a* (Au),) ,u) = (a* Au,uy), (Aug,u) = (Au,uy). (4.12)
Hence from (4.12) we obtain

d

@E (t) = 2 (uer, ue) + 2 (a* Au,ug) + 2 (Au, ug) + 2/‘1% (u) ugdr =

R

2 (ugg,ur) — 2 (ax Auyug) + 2 (Au,ug) + 2 (f (w) , ur)
=2 ([ug —a* Au+ Au — f(u)],ut) =0,

where (u,v) denotes the inner product in X5. Hence, we obtain the assertion.

5. Blow-Up in Finite Time
In this section we prove the following result:

Theorem 5.1. Let Condition 3.3 hold and let u € C*%) (A, H) be a solution of
(1.1) —(1.2) for any t € [0, T'). If there exist positive numbers v and to such
that

of(0) <2(1+2v)®(0) forallo € R, (5.1)
and
E(0) = ||ut||2 + (u,ax Au) + (u, Au) — 2 / ® (u)dz <0, (5.2)
]Rn

then the solution u blows up in finite time.

Proof. Assume that there is a global solution. Then u, u; € X5 for all ¢ > 0.
Let
H () = [lu(®)]* +b(t+to)*
for some b and tg that will be determined later. We have
HW () =2 (u,ue) + 2b (¢ + to)
HP (t) = 2Jug||” + 2 (u, wge) + 2b. (5.3)
From (1.1), (5.1) , and (5.2) we get
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(u,ue) = (u, [a* Au — Au+ f (u)])
= [(u, @ * Au) — (u, Au) — (u, f (u))]

> (u,a* Au) — (u, Au) —2(1+21/)/<I>(u)d33
Rr
> (u,a * Au) — (u, Au)

+(142v) [||ut||2 + (uya % Au) + (u, (Au)) — E(0)] =
(1+2v) [HutHZ _E (0)} Fow(u,ax Au) + (u, Aw)].  (5.4)
Let b be a real number such that b < —E (0) and
v (a % Au,w) + 4v (u, Au) < — [b+ E (0)] . (5.5)
From (5.3) and (5.5), we obtain

HP (1) > 4 (14 v) Jue||” + 4 |a | Vul|® + (4, Au)}
—2(1 + 2v) E (0) + 2b. (5.6)

On the other hand, in view of the Cauchy-Schwarz inequality, we have
2 2
(H<1> (t)) = (2 (uyug) + 2b ( + 1o)]
< 4 Ul eall® + b ¢+ t)? (el + el |
+4b% (t + o). (5.7)
Hence, by (5.3), (5.5) , and (5.7) , we obtain
HYH — (14 v) ( )
> [4(1+v) lludl® +4v (o[ Vul® + (u, Au)) + 25
—2(1+20) EQO)] [Jlull® + b (¢ +0)°] = 4 (14 0) 82 (¢ + to)?
~4 (1 0) [Jull® Juell® + 62 ¢+ 60)* (Il + flud]*)
-y (a IVu|? + (u,Au)) H (t) + 20H (t) — 2 (1 + 20) E (0) H (¢)
—4b(1+v) H (t) — 46 (1 +v) (t + to)? || Bug|?
= —2(142v) [b+ E(0)] + 4va | Vul* + 4v (u, Au) > 0
when

b+ E (0)] + 4va ||[Vu|® + 4v (u, Au) <0,
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i.e., if assumption (5.2) holds. Moreover,
H® (0) = 2(p,9) + 2b(to) 2 0,

for sufficiently large . Then reasoning as in the proof of [16, Theoreml] , we
get that that H(t), and thus ||u (¢)||* blows up in finite time, contradicting the
assumption that a global solution exists.

6. Applications
6.1. The Cauchy Problem for Infinite System of WEs

Consider problem (1.4). Let

N

N
Iy = u:{uj}vj:]-vQ?"'N’ ”u”lz = Z|Uj|2 S0

(see [27, § 1.18]). Let A; be the operator in Iy defined by
Al = [ajm] y ajm = ijUm, m,j = 1,2, ...,N, D (Al) = lg

ol

=q u={u}, j=1,2,..,N, |lull,; = ZWlu\ <00 p,

NeN, bjeR, o> 0.
Let
YSPO = WP (R 1) N LP (R™13)
Wy (l2) = we(l=35)» P(R™;1y) N LP <Rn;l;(1—§p)) _

Let f={fm}, m=1,2,...,00 and

m=m(§) = {a\£|2+A1F.

Here
By (1) = W00 (R 1) 1 17 (R 15070
where
1+ .
Bj = 2p , 1= 0, 1.

From Theorem 3.1 we obtain the following result:
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Theorem 6.1. Assume the following: (1) assumption (2.7) holds, 0 < a <
1— 2—1}7, ¢ € Hyp (l2), ¥ € Hypy (l2) forp € [1,00]; (2) a > 0, b; are nonnegative
bounded numbers, a (§) +b; > 0 for £ € R™, and the following estimate hold

S [alel +b;]

Jj=1

1
< M for all £ € R™;

(3) the function
u — f(amt,u) :R™ x [O,T} x Wy (ZQ) — g
is measurable in (x,t) € R™ x [0,T] for u € Wy (l2). Moreover, f (z,t,u) is
continuous in u € Wy (Iz) and f € CH¥ITY (W (I2) ;12) uniformly in € R™,
t € [0,T]. Then problem (1.3) has a unique local strong solution
ue CP ([0, To); YV (A1, b)),

where Ty is a mazximal time interval that is appropriately small relative to M.
Moreover, if

sup (||u| Y;'”(Af;lz)> < 00,

s qegy + Il
t€[0, To) Yoo (Af5l2)

then Ty = oo.

Proof. Tt is known that L? (R™;l3) is a UMD space for p € (1,00) (se,e e.g.,
[25]). By Remark 2.1, the definition of W*? (A;,l3) and real interpolation of
Banach spaces (see, e.g., [27, § 1.3, 1.18]), we have

H,, = (WS”p (Rn; 13, lg) L, (Rn; l2)9i,p) — Ws(1=0i).p (R"; l;(lioi)7 l2)
= Wel=r (R™; 1) N LP (Rn§ lg(l_gi)) = Ho; (I2), i =0,1.

By assumptions (1), (2) we obtain that A; is sectorial in lo, and by virtue of
[3, § 3.14, 3.16], the operator A2 + y is a generator of bounded cosine function
in l5. Hence, by (4), (5), all conditions of Theorem 3.2 are satisfied, i.e., we
get the conclusion.

Theorem 6.2. Assume: (hy) assumptions (1)-(3) of Theorem 6.1 are satisfied
for p=2; (hy) fm € C¥ (R;1y) with f(0) =0 and

Z fm (0) < 00 for all u = {uy} e C? ([0, 00); Y5 (A13l2));
m=1
(hs) Byo, By € L? (R™;ly) and ® (¢) € L? (R™;l5); (hy) there is some
k >0 so that
®(0) > —klo|* forallo €R andt € [0,T].
Then: (a); there exists T > 0 such that problem (1.4) has a global solution
ueC® (10, 00);Y5? (A1;l2));
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(b) if assumption 5.1 of Theorem 5.1 also holds for H = ls, then the
solution of (1.4) blows up in finite time.

Proof. From assumptions (hy), (ha) it is clear to that Condition 4.1 holds for
H = Iy and r > 2 + %. By (h3), all other assumptions of Theorem 4.1 are
satisfied. Hence, we obtain the assertion.

6.2. The Mixed Problem for Degenerate WE

Consider the problem (1.5)—(1.7). Let

YsP2 = Wor (R™ L2 (0,1)) N LP (R"; w22 (o, 1)) 1< p< oo
Let Ay be the operator in L? (0,1) defined by (1.6)—(1.8) and let
1
2

n2 =n2(§) = [a €] + A, (f)}
Here
Hiy (L?) = Ws=0e (R7: 12 (0,1)) N LP (R”; wa-00L2 (g 1)) ,

where
14
6, — " 1.
2p
Now we present the following result:

Condition 6.1. Assume;

(1) assumption (2.7) holds, 0 < v < %, and a1 — a3 # 0;

2)0<a<1- ﬁ, ¢ € Hop (L?), ¢ € Hyp, (L?) for p € [1, 00];

(2) by and by are complex valued functions on (0,1) . Moreover, by €

1

C'[0,1], by (0) = by (1), by € Lo (0,1), and |y (x)] < C b2 * (a:)‘ for 0 < p <
3 and for a.a. z € (0,1);

(3) a >0 and 1 (§) # 0 for all £ € R™;

(4) the function

u— f(z,t,u) : R" x [0,T] x Wy (L*(0,1)) — L*(0,1)

is measurable in (z,t) € R" x [0, T] for u € Wy (L? (0,1)); f (,¢,u). Moreover,
[ (z,t,u) is continuous in u € Wy (L*(0,1)) and

f(x,t,u) € O (W (L% (0,1)) 5 L2 (0,1))
uniformly with respect to z € R™, t € [0,T].

Theorem 6.3. Assume that Condition 6.1 is satisfied. Then problem (1.6)-
(1.8) has a unique local strong solution

we OO ([0, T); YEP (42, L2 (0,1))).

where Ty is a maximal time interval that is appropriately small relative to M.
Moreover, if
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sup (HUI O%P(AS;LQ(O,D)) < 00,

57 (A3 + ]
oo YEP(AZ;L%(0,1))

then Ty = oo.

Proof. Tt is known (see, e.g., [13]) that L?(0,1), is a UMD space for p; €
(1, 00). By definition, W*P (Ag, L2 (0, 1)) , and by real interpolation of Banach
spaces (see, e.g., [27, §1.3.2.]) we have

H;, = WP (R”; w22 (0,1), L (0,1), LP (R"; L* (0, 1)))

0i,p

— Ws=0i)p (R”; Ww2-6912 (. 1y 12 (0, 1)) = Hyy (L2) .

In view of [26, Theorem 4.1], we obtain that the operator A5 defined by (2.5) is
uniformly sectorial in L2 (0,1), and by virtue of [3, § 3.14, 3.16], the operator
A2 + p is a generator of the bounded cosine function in L2 (0,1). Moreover,
using assumptions (1), (2), we deduce that 1 (§) # 0 for all £ € R™. Hence by
hypotheses (3), (4) of Condition 5.1, we get that all, hypotheses of Theorem
3.2 hold, i.e., we obtain the conclusion.

Theorem 6.4. Assume Condition 6.1 is satisfied for py = 2. Suppose f €
CBI(R; L2((0,1))) with f(0) = 0. Moreover, let By, B, ®(p) € L*(R™ x
(0,1)) and there exists k > 0 such that

®(0) > —k|o|* foroeR, te0,T].

Then:
(a) there exists T > 0 such that problem (1.5)—(1.7) has a global solution

ue C? ([0, 00);YS?);

(b) if assumption (5.1) of the Theorem 5.1 also holds for H = L? (0,1),
then the solution of (1.6) — (1.8) blows up in finite time.

Proof. Indeed, by assumption, all conditions of Theorem 4.1 are satisfied for

H = L?(0,1), i.e., we obtain the assertion.
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