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Abstract

In this paper, the Cauchy problem for nonlocal linear and nonlinear wave equations are studied. The
equations include the general differential operators. The existence, uniqueness, L -regularity properties and
blow-up at finite time of solutions of the Cauchy problem is obtained. By choosing differential operators
including in equations, the regularity properties of a different type wave equations are studied.
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1. Introduction

The aim in this paper is to study the local existence and uniqueness of solution of the Cauchy
problem for the following wave equation
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Louy + Liu =Ly f (u), (1.
u@x,)=¢px),u x,0)=¢%(x),xeR",r€(0,T), (1.2)

where L; are nonlocal differential operators with variable coefficients defined by

Liu= Z diq * D%u,i=0,1,2,u € Wl'f (R") , m = max {mg, mi, my, } (1.0)

loe| <m;

n glel
o= (1,0, ), o] =) o, D= —g————
" P dxaxs? ... axan

ajq are complex valued functions on R”, f(u) = f (x,t, u) is a given nonlinear function, ¢ (x),
¥ (x) are given initial value functions and u(x, t) is a complex-valued unknown function. Here,
u * v denote the convolution of functions « and v.

Note that, the predictions of classical elasticity theory become inaccurate when the character-
istic length of an elasticity problem is comparable to the atomic length scale. To fix this situation,
a nonlocal theory of elasticity was introduced (see [1-3] and the references cited therein) and the
main feature of the new theory is the fact that its predictions were more down to earth than
those of the classical theory. For other generalizations of elasticity we refer the reader to [4—14].
Regularity properties of nonlocal PDEs were studied e.g. in [15-21]. Moreover the regularity
properties nonlocal partial differential equations were investigated e.g. in [22-25].

In this paper have been found sufficient conditions that depend on the nature and mutual rel-
evance of the differential operators included in the equation to ensure that there exists a unique
solution of the problem, being L? regular and blow up in finite time. By choosing the operators
L;, we obtain a different class of wave equations which occur in a wide variety of physical sys-
tems, such as in the area of such as the peridynamical theory of continuum mechanics, nonlocal
wave propagation, and the modeling of nonlocal diffusion processes, the propagation of longitu-
dinal deformation waves in an elastic rod, hydro-dynamical process in plasma and in materials
science.

We think that this article is very interesting in the L? regularity theory for wave equations.
Here, the Cauchy problem for linear and nonlinear wave equations with differential operator
coefficients are studied. Here, comprehensively for the first time, the existence, uniqueness, L”
regularity and blow up properties at finite time of solution of the Cauchy problem for these equa-
tions are established. Moreover, the method of proofs naturally differs to those used in previous
works. Since the problem includes general differential operators in leading part we need same
extra mathematics tools for deriving considered conclusions. By this reason, in the proof we use
modern analysis tools as: Fourier multiplier theorems in L, spaces, embedding of Sobolev and
Besov spaces, theory of semigrops of linear operators in Banach spaces, interpolation of Banach
spaces, and etc.

For example, if we choose L1 = L, = —A, where A-is 3-dimensional Laplace operator, we
obtain the existence, uniqueness, regularity properties and blow-up in finite time of solutions of
the following Cauchy problem

uy —Axu=Axfu),xeR>1re,T), (1.3)
u(x,0)=9¢x),u (x,0) =9 (x). (1.4)
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Let

Liu=Y_ aig(x)* D*u,i=0,1, 2,u e Wy (R"),

loe| <4

3
where a;,, are complex valued functions, « = (a1, @2, @3), o are natural numbers and |o| = E

k=1
.

We obtain the existence, uniqueness, regularity properties and blow-up in finite time of solu-
tions of the following Cauchy problem

Louy +Liu=Lof (u) (x,1), (1.5)
u(x,00=¢x),u; (x,00=¢ (x), xR 1e(0,7T),

where
s 3 3
(p,l//eWp(]R{ ),s>—, pell, o0].
P
Let now

Lou = Z Aoy (x) % D%u, Liu= Z ag (x) x D%u,

Ja|<2 lor] <2

Lou = Z ary (x) % D%u, u € W;,‘ (]R") ,

o] <4

where a,; are complex valued functions, o = (a1, ®2), ¢ are natural numbers and |«| = o] + 2.
Consider the Cauchy problem for the following wave equation

Louy +Liu=Lyf (u)(x,t),xeR", r€(0,T), (1.6)
ux,0)=px@),u (x,0)=vx),t€(0,7T) xe]Rz,te(O,T),

where
S, P 3 3
0, VWS (R),s>—,pe[l,oo].
P

By using the general result for (1.1)—(1.2), we obtain the existence, uniqueness, L? regularity
and blow up properties (in finite time) of solution of the Cauchy problem of (1.6).

In this paper, we obtain the existence and uniqueness of solution and L ,-regularity properties
of the problem (1.1)—(1.2). The strategy is to express the Boussinesq equation as an integral
equation. To treat the nonlinearity as a small perturbation of the linear part of the equation,
the contraction mapping theorem is used. Also, a priori estimates on L” norm of solutions of
the linearized version are utilized. The key step is the derivation of the uniform estimate of the
solutions of the linearized wave equation. The methods of harmonic analysis, operator theory,
interpolation of Banach Spaces and embedding theorems in Sobolev spaces are the main tools
implemented to carry out the analysis.
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2. Definitions and background

In order to state our results precisely, we introduce some notations and some function spaces.
Let E be a Banach space. L, (£2; E) denotes the space of strongly measurable E-valued
functions that are defined on the measurable subset 2 C R" with the norm

1

Iflle, =1fllL,@E = /Ilf(X)IIde 1< p<oo,
Q
”f”Loo(Q;E) =esssup || f () llg -
xXeQ

Let C denote the set of complex numbers. For E = C the L, (2; E) denotes by L, ().
Let m be a positive integer. Wl’)” (€2) denotes the Sobolev space, i.e. space of all functions

u € L, (€2) that have the generalized derivatives g;—i’,f € L, (), 1< p < oo with the norm
k

n

. 0Mu
lellwp ) = el ) + D
k=1

— < 00.
ox;!

Lp(2)

Let S (R") denote Schwartz class, i.e., the space of rapidly decreasing smooth functions on
R", equipped with its usual topology generated by seminorms. Let S " (R™) denote the space of all
continuous linear operators L : S (R") — C, equipped with the bounded convergence topology.
Recall S (R") is norm dense in L, (R") when 1 < p < oo. Let F denote the Fourier transform
defined by

h(E)=Fu=Qm)3 /e_ixsu (x)dx foru € S(R") and x, & € R".
Rn

Let Lj, (R™), —oo < s < oo denotes Liouville-Sobolev space of order s which is defined as:

LY=L (R") = —A)"2L,(R")

with the norm

el = |7 = &)3 < 0.

= H(1+I%‘|2)§ﬁ

Ly(R")

Ly(R")
It is clear that Lg (R") =Lp, (R"). It is known that L7} (R") = W (R") for the positive integer

m (see e.g. [26, § 2.3]).
Let R%, =R" x (0, T). In a similar way, we define the following anisotropic Sobolev space:

W2 (RE) = {ue LP (R}), 9fue Ll (RY),

(STEd

Bl (1 +16R) e 1P (R, ullyas

Ry) =
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+

8t2u
L7 (R7)

Fo! (1+ |§|2)% i

||”||LP(R”T) +

Let 1 < p <g < o00. A function W € Lo (R") is called a Fourier multiplier from L ,(R") to

L, (R") if the map u — F~'W(&)Fu for u € S(R™) is well defined and extends to a bounded
linear operator

T:L,(R") — LyR").
Let LZ (E) denote the space of all E—valued function space such that

1

o0
dt
lullLy ey = /||M(t)||qE7 <oo, =g <oo, lullpr = sup llu@®lg.
,00)
0

te(0

Here, F denotes the Fourier transform. Fourier-analytic representation of Besov space on R”
is defined as:

By, (R") =[ues ®"),

—1 — % _41£12
”u”B’;,q(R")ZHF t S(1+|§|2)e 1817 py,

Ly(Lp(R7)
P =) &.&=(1.5....6), pe(1,00),q €[l,00], x > s}.
k=1

It should be noted that, the norm of Besov space does not depend on x (see e.g. [26, § 2.3]).
For p = ¢ the space B;,q (R™) will be denoted by B;, (R™).

Let E and E» be two Banach spaces. (Eq, E2)g, for 6 € (0, 1), p € [1, co] denotes the real
interpolation spaces defined by K-method [26, §1.3.2]. Let £1 and E» be two Banach spaces.
B (E1, E») will denote the space of all bounded linear operators from E; to E>. For E1 =E, =F
it will be denoted by B (E).

Here,
X,=LP(R"),1<p<oo, Y=L} (R"),
WP =L (R")NLy (R"), Y" =L}, (R") N Lo (R"),
Y35 = W2 (R%) N Xoo,
0=0E) =L () Ly ©).,LE =L Ly" (&).

Definition 2.1. For any 7 > 0 the function u € C2 ([O, ) Y25P ) satisfies the equation

(1.1)=(1.2) a.e. in RY is called the continuous solution or the strong solution of the problem
(1.1)=(1.2). If T < oo, then u (x, t) is called the local strong solution of the problem (1.1)—(1.2).
If T = oo, then u (x, t) is called the global strong solution of (1.1)—(1.2).
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Sometimes we use one and the same symbol C without distinction in order to denote positive
constants which may differ from each other even in a single context. When we want to specify
the dependence of such a constant on a parameter, say «, we write C,. Moreover, for u, v > 0
the relation u < v, u & v means that there exist positive constants C, C, C, independent on u
and v such that, respectively

u<Cv, Civ<u<QCu.

The paper is organized as follows: In Section 2 some definitions and background are given.
Section 3 we obtain the existence of unique solution and a priory estimates for solution of the
linearized problem (1.1)—(1.2). In Section 4 we show the existence and uniqueness of local strong
solution of the problem (1.1)—(1.2). Section 5 devote to global existence of solution of the prob-
lem (1.1)—(1.2). In section 6 blow-up in finite time of solutions of the Cauchy problem (1.1)—(1.2)
is obtained. Finally, in Section 7 as an application by choosing the concrete differential operators
L;,i =0, 1, 2, the existence, uniqueness, L”-regularity properties and blow-up of solutions of
the different Cauchy problem are derived.

Sometimes we use one and the same symbol C without distinction in order to denote positive
constants which may differ from each other even in a single context. When we want to specify
the dependence of such a constant on a parameter, say &, we write Cj,.

3. Estimates for linearized equation

In this section, we make the necessary estimates for solutions of initial value problems for the
linearized general wave equation

Louy + Liu=1Lyg(x,1),xeR", 1€ (0,T), 3.
u(x,0)=§0(x),ul(x,0)=lﬁ(x),xG]Rn,lE(O,T),

where L; are differential operators defined by (1.0).
Let

Li=L;(§)= Z Giq (§) (&)™ (182)** ... (i&,)",i =0, 1,2, (3.0)
lee|<m;
where a;4 (€) are the Fourier transform of a;, (x). Let
51l
—aeloel o
m=max {mo, my,ma}, 0 =Q &) =L &)Ly &), LE) =Ly(¢) Ly (5). 3.2)

B = (B, B2, ..., Bn), D* = D¢

Condition 3.1. Let Lo (&) # 0 and there exists a constant My > 0 such that |Lg (§)| > My |&|™
for all £ € R". Let ajq (.) € L1 (R"). Assume that there exist positive constants M and M>
depend only on a,4 such that

8IS
[

07t ®|=m (1+167)°, [L@ 07t ©| = m2 (1+162) (3.3)
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for all £ € R", where

s—0 —n 1 1 .
=——,0>n|—+—),s>0+nwithape[l,oo] andag €[1,2].
q q p

Remark 3.1. The Condition 3.1 means that L ! (&) is uniformly bounded. Moreover, if

(m1 —mg) <28, (my —mo) (m1 —mo)? <3,
i.e. (3.3) are hold trivially if mo =m1 = mo.
First we need the following lemmas

Lemma 3.1. Suppose that Q (§) # 0 for each & € R". Then problem (3.1) has a generalized
solution.

Proof. By using of Fourier transform we get from (3.1):

Iy B D+ Q@) aED=LE)EE D, (3.4)
Q0= (&), (5,00=0 (), €R",1e(0,T),

where u (£, 1) is a Fourier transform of u (x,¢) with respect to x. By using the variation of
constants we get that there exists a solution of the problem (3.4) that can be written as:

t

ft(E,t)=C($,I)¢(E)+S(SJ)IZ/(&)Jr/é(E,t—T)é’(f,f)df,fe(0, T), (3.5

0

here, C (§,t), S (§,t) cosine and sine functions generated by Q = Q () (see e.g. [27, § 11]), i.e.

1 1
i02 —i02
etQ t+e iQ2t

) s S(%’,l‘):Q—%sinQ%tZ

C(&,t)=cos Q%tz

1 1
iQ2 —iQ2
elQ I _ o iQ2t

2i

D=

0" e n=LE 07 @sin(0).

From (3.5) we get that the solution of (3.1) can be expressed as

u@x, =810 x)+S2@)¥x) + (3.6)

t

/ F! [ci> (.1 —1)8(E, 1:)] dvde, 1 €0, T),

0

where F~! denotes the inverse Fourier transformation, S; (¢) and S; (¢) are linear operators in
X defined by
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Sy (rw:(zn)*%/ei"fas,r)@(s)ds,Sz(rw:(zn)*%/e"*fS(é,t)xﬁ@ds. u|

R~ Rn
3.7

Theorem 3.1. Assume the Condition 3.1 holds. Let ¢, ¥, g(.,t) € YIS’P for t € (0,T) and
g(x,.) €L (0,T) for x € R". Then there exists a unique solution of the problem (3.1) satis-

fies the following estimate

L1 ullx, + L1 *urllx,, < C{lgllysr + lellx, + (3.8)
t

Wllyer + 19115, +/[ng(.,r)uw,p+||g<.,r)||xl]dr

0

uniformly with respect to t € [0, T].
Proof. Let N € N and
My={£:£eR", |§| <N}, My ={£:£€R", || =N}.
It is clear to see that
[Ficenio], +[Fis@ien)|, <

/ eMEC (£,1) ¢ (5)dE + / ¢S (&, 1) P (5)dE + 3.9)

" Loo(My) R" Loo(TTy)

|Feense],  +lFsenvel

Using the Minkowski’s inequality for integrals and uniformly boundedness of C (§,¢), S (£, 1)
on [Ty we have

/ FEC (£.1) ¢ (€) dE 4 f FES (€, 1) P (&) de < (10

" Loo(ITn) " Loo(ITy)
[lellx, +1¥lx,]
Here,

_5
2

Gie.n=(1+17) " c.n. Gen=(1+1P) " s,

_5
2

Gs&.0=(1+1§7) "L®SED.
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Let we show that

1,1
Gj(.1)¢ BZV(; 7) (R™B (Lp, L))

for all ¢t € [0, T']. By virtue of growth assumptions on polynomials L; (§) in Condition 3.1, we
have

t:[g?r] |G; ("[)”B(L,,,Loo) <C,j=1,2,3. 3.1

Moreover, by embedding properties of Sobolev and Besov spaces it sufficient to show that
Gj(,t)e WS (R"; B(Lp, L)) (3.12)

foro >n (é + %) and for some ¢ € [1, 2]. For deriving (3.12) it sufficient to show

(1 n |§|2)7 G;(.1)eLy (R") foraltel0,T].

Indeed, in view of (3.11), (1 + 1 |2) z G j (¢) are uniformly bounded for £ € R". By virtue Con-
dition 3.1 and by assumption (3.3), we have

24 _(u)q
[(1+1P) (6 enfrae < [ (14+16R) e <o
R~ R~
Hence, by Fourier multiplier theorems (see e.g. [28, Theorem 4.3]) we get that the functions

Gj(&,t) are L, (R") — Lo (R") Fourier multipliers. Hence, by Minkowski’s inequality for
integrals from (3.9)—(3.10) we obtain

[ricens@l|, g, +|Fiseni®], . < G.13)

Clllellysr + 1% llysr]-
By reasoning as the above, we have

t

F*‘/cﬁ(s,t—r)g(g,r)dr <. (3.14)

0 Xoo

t
C/(ng(.,r)nw g (D)l ) dr
0

Hence, from (3.13)—(3.14) we obtain

IL1 *ullx,, < Clllgllysr + lolx, + (3.15)
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t

1 s + 111, +/(ngc,r)nwﬁ||g<.,r)||xl)dr

0
By differentiating from (3.4), we get
0 (EN=—0ESMPE +C OV E+ (3.16)

t

fL (€) sin (Q% (61— r))§ (. 7)dt,1€(0,T).

0
By using (3.2), (3.16) in a similar way, we have

1Ly *urllx,, < Cl@lyse +llellx, + (3.17)

t

W llyor + 111, + / (g G Dllysr + g (. Dl ) d

0

Then from (3.15) and (3.17), we obtain the assertion. Let now, we show that problem (3.1) has
a unique solution u € C(V ([0, T]; Y*P). Let’s admit it is the opposite. So let’s assume that the
problem (3.1) has two solutions u1, u; € CV ([0, T]; Y*>P). Then by linearity of (3.1), we get
that v = u; — uy is also a solution of the corresponding homogenous equation

Loxvy+Lixv=0,v(x,00=0,v,(x,00)=0,xeR", (0, T).

Moreover, by estimate (3.8) we have the following estimate

IL1*vlx, <0. (3.18)

Here, (3.18) implies that L * v = (. By virtue of Remark 3.1, the null space of the operator
L1 equal {0}. Hence, we get v =0, i.e. u; =up. O

By reasoning as in Theorem 3.1 we obtain
Theorem 3.2. Assume the Condition 3.1 is satisfied. Then for ¢, ¥, g(.,t) € Y5P, t € (0,T)

and g (x,.) € L1(0,T), x € R" there exists a unique solution of the problem (3.1) satisfies the
following the uniform estimate

L1 ullysr + 1Ly sullysr < (3.19)

t
c ||<p|Iys.p+Iliﬁllys.p+/||g(~,f)||yx,pdf
0
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Proof. From (3.4) we have the following uniform estimate

+ HF1 (1 n |§|2)7 A (3.20)

X,

HF1 (1 + |.g|2)z i

Xp

c{HF1 (A+1ED3CEnd

o FlEavEsEnd] 4

t
/HOH%D%é’(éyf—f)é’(-,r))
0

drt ¢ .
Xp

By Condition 3.1 and by virtue of Fourier multiplier theorems (see e.g. [28, Theorem 4.3]),
we getthat (14 1£[%) "2 C (&,1), (1+1£17) 2 S(&,1) and (1 + |£]*) "2 & (&, ) are Fourier mul-
tipliers in L, (R") uniformly with respect to ¢ € [0, T']. So, the estimate (3.20) by using the
Minkowski’s inequality for integrals implies (3.19).

The uniqueness of solution is obtained by reasoning as in Theorem 3.1. O

4. Initial value problem for nonlinear equation
In this section, we will show the local existence and uniqueness of solution for the Cauchy
problem (1.1)—(1.2).

For the study of the nonlinear problem (1.1)—(1.2) we need the following lemmas

Lemma 4.1 (Nirenberg’s inequality). [29]. Assume that u € L, (2), D"u € L, (), p,q €
(1, 00). Then fori with0 <i <m, m > % we have

n
HD’u < Clullb 3 | Dyl @.1)
4 k=1
where
1 i m i
—=—tpul-——)+d-pw—, —=pn=l
room n p m

Lemma 4.2. [30]. Assume that u € Wg ()N Lo (2) and f (u) possesses continuous deriva-
tives up to order m > 1. Then f (u) — f (0) € Wzl () and

1f @ = fol, <[ @] _lu,,

,1<k<m, “4.2)

|
p

ke

[P rw| < &y |9 @ ks
j=1

where Cy > 1 is a constant.
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Let

s(lf%>
Eo=(Y"?.Xp)1 =B, (R").

2p’p

Remark 4.1. By using J. Lions-I. Petree result (see e.g. [31, § 1.8]) or [32] we obtain that the
map u — u (ty), to € [0, T] is continuous and surjective from WIE’S (O, T; Xp, YS’P) onto Eg and
there is a constant C; such that

lu (00)l gy < C1 llullysr, 1< p<o0.

Let
Vs, p)=CV (10, T1;Y").
First all of, we define the space Y (T') equipped with the norm defined by
u = max |ul|ys. max |lu ,ueY(T).
lullyr) max, lullys.r +  max, lluellx., (T)
It is easy to see that Y (7') is a Banach space. For ¢, ¢ € Y57, let

M= lglysr +llelix, +1¥llysr +1¥lx,, -

Definition 4.1. Forany 7 > 0 if v, ¥ € ¥;"” andu € C©) (s, p) satisfies the problem (1.1)~(1.2)
then u (x,t) is called the continuous solution or the strong solution of (1.1)—(1.2). If T < oo,
then u (x, t) is called the local strong solution of the problem (1.1)—(1.2). If T = oo, then u (x, t)
is called the global strong solution of (1.1)—(1.2).

Condition 4.1. Assume:

(1) The Condition 3.1 holds;

) o,y €YV for 1 < p <oo;

(3) the function u — f(s, t,u): R" x [0, T] x Eg — C is a measurable in (£,1) € R’ for
u € Eg moreover, f (£, 1, u) is continuous in u € Eg and f (€, 1, u) € C15HD (Ey; C) uniformly
for§ e R" and r € [0, T].

Main aim of this section is to prove the following result:
Theorem 4.1. Let the Condition 4.1 hold. Then problem (1.1)—(3.2) has a unique local strong

solution u € C? (s, p), where Ty is a maximal time that is appropriately small relative to M.
Moreover, if

sup (||M||Yw + llullx,, + e llysr + llu ”Xoo) <00 4.3)
te[0,Tp)

then Ty = oo.
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Proof. First, we are going to prove the existence and the uniqueness of the local continuous
solution of the problem (1.1)—(1.2) by contraction mapping principle. From Lemma 4.2 we know
that f(u) € L, (0, T; Ygg”) for any 7 > 0. Consider a map G on Y (T) such that G(u) is the
operator defined by

Cuw)=G)(x,)=510)ex)+S2@¥ x)+ 0 W), 4.4)

where

t

0 ) = / F [s €1 —1)L () f () (&, r)]dt, 1e©,T), (4.5)

0

where S (1), S> (7) are linear operators defined by (3.6) and F~! is the inverse Fourier transfor-
mation. From Lemma 4.2 it is easy to see that the map G is well defined for f € C?® (Xo; C).
Let

W) =F '[SEt—1LE) fWlx1).

By assumption (2) of Condition 4.1 and by virtue [28, Theorem 4.3], the function U (§, f —t) L (§)
is a Fourier multiplier theorem in X, i.e. if f (u) € X, then W (u) € X,.
We put

OQM:;:T)={ulueY ), llulyqy<M+1}.

First, by reasoning as in [9] let us prove that the map G has a unique fixed pointin Q (M; T).
For this aim, it is sufficient to show that the operator G maps Q (M; T) into Q (M; T) and G:
O M;T)— Q(M;T) is strictly contractive if T is appropriately small relative to M. Consider
the function W (£): [0, 00) — [0, o) defined by

seeesy

{70 @l |7 @

W(o)= ‘rsnax wsh (E)H ,o0>0.

|<o

It is clear to see that the function W (o) is continuous and nondecreasing on [0, 0o). From
Lemma 4.2 we have

W @lyzr < [WO G| Wl + WO @] 1Duly, +

CO[HWU)(“)HX el & HW“‘”)(”)HX laell HD[‘”uHx,,]S (4.6)
2CoW (M + 1) (M + 1) ||ully2.p -

By using the Theorem 3.1 we obtain from (4.5):

t
1G Wllx,, <llellx, + ¥, +/ W (x, 7, u(t)llx, 4.7
0
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t
IG @ lly2se < ll@llys.p + 1Y llys.p +/ W (x, 7, u()lly2p dr. (4.8)
0

Thus, from (4.6)—(4.8) and Lemma 4.2 we get

IG @llyery <M +T M+ 1)[14+2Co (M +1) f(M+1)].

If T satisfies

T<{M+D[1+2CoM+1) fFM+D]} ", 4.9)

then

Gullyry <M+ 1.

Therefore, if (4.9) holds, then G maps Q (M; T) into Q (M; T). Now, we are going to prove that
the map G is strictly contractive. Assume 7 > 0 and u1, up € Q (M; T') given. We get

t

G(Ml)—G(M2)=/[W(M1)(X,T)—W(Mz)(x,f)]df, 1€(0,7).
0

By using the assumption (3) and the mean value theorem, we obtain

W (ur) — W (u2) = WD (uz +n1 (w1 — u2)) (g —u),
DIW (u1) — W (u2)1 = WP (uz + 2 (u1 — u2)) (u1 — u2) Dguy+
WO (u2) (Duy — Degus),

D[ f ) = f @) | = WD uz + 13 (01 = ) (wr = u2) (Dur Y +

W (u3) (Duy — Duz) (Duy + Du) +
WD (ua 4 ng (u1 — u2)) (1 — u2) D?uy + WO (uy) (D2u1 - Dzuz) ,

where 0 < 1; < 1. Thus, using Holder’s and Nirenberg’s inequality, we have

IW 1) = W @2)llx,, <W (M + 1) luy —uallx,, » (4.10)
@) =W @2)llx, <WM+1) lur —uzlly, .
IDIW (u1) =W @)]lllx, <M+ D)W M+ 1) lur —uzllx, +

WM+ 1) W (u1) =W @)y, , (4.11)

| 020w @) = w | +

- 2
=M+ DW M+ Dy = wallx, | D] |
X, y2p

W (M + D) ID i —u2)lly2p IID (uy + u2)lly2r +
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WM+ 1) s — o]l | D

o TWMEDIDn —u)lly, <
P
C2W (M + 1)l = wall Nl | D2 |+ “.12)
P

C2W (M + 1) s sy, | D (1 = )|

M+l | D? @+ u)|
P

Xp

F(M A D)W (M A1) uy —ually + W (M +1) HD2(u1 —u2)‘

<
X,
3CT(M + 1) W (M +1) luy —uallx,, +

20 M+ D)W M+ 1) [ D? g — )|

XP
In a similar way, we have

| DETIW 1) = W )], < (4.13)
Ctllur = wuallx,, + C2 [ D w1 —wa) | -

From (4.10)—(4.13), using Minkowski’s inequality for integrals, Fourier multiplier theorems in
X, spaces and Young’s inequality, we obtain

t t
||G(M1)—G(M2)||Y(T)S/Ilul—lelxoodt+/llul—uzllys,pdf+
0 0

t t
/ IW (r) — W u)llx d +f IW @) = W @)y d <
0 0

T[1+Co M+ D*W M+ 1) |l = wallyary.
where C; is a constant. If T satisfies (4.9) and the following inequality
1 247 -1
res[t+ciM W] (4.14)
then
1
Gur — Gually(ry < > lur —uallyry-

That is, G is a contractive map. By contraction mapping principle we know that G (u) has
a fixed point u(x,t) € Q (M; T) that is a solution of (1.1)—(1.2). From (3.5) we get that u is a
solution of the following integral equation

t
u(t,x)=25 (t)(p(x)+S2(t)1ﬁ(x)++/W(u)(x,r)dr, te (0, 7).
0
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Let us show that this solution is a unique in Y (7). Let u1, up € Y (T') are two solutions of the
problem (1.1)—(1.2). Then

t

Ui —uzz/[W(ul)(x,r)—W(uz) (x,7)]dr. 4.15)
0

By definition of the space Y (T'), we can assume that

luillx,, <Ci(T), luillx, <Ci(T).

Hence, by Minkowski’s inequality for integrals and Theorem 3.2 we obtain from (4.15)

t
luy — wallysr < Ca (T) / lut = wallysn de. (4.16)
0

From (4.16) and Gronwall’s inequality, we have |u] — uz||ys.» =0, i.e. problem (1.1)—(1.2)
has a unique solution which belongs to Y (T"). That is, we obtain the first part of the assertion.
Now, let [0, Tp) be the maximal time interval of existence for u € Y (7Tp). It remains only to
show that if (4.3) is satisfied, then Ty = co. Assume contrary that, (4.3) holds and Ty < co. For
T €[0, To), we consider the following integral equation

r
v, ) =S1Oux, T)+ S )u; (x,T) + / W) (x,t)dr, te€(0,T). “4.17)
0

By virtue of (4.3), for T’ > T we have

sup (lullys.r + lullx,, + luellysr + lluellx,,) < oo
te[0,T)

By reasoning as a first part of theorem and by contraction mapping principle, there is a T* €
(0, Tp) such that for each T € [0, Tp) the equation (4.17) has a unique solution v € Y (T™*).
The estimates (4.9) and (4.14) imply that T* can be selected independently of T € [0, Tp). Set
T=Ty— TT* and define

_ B u(x,t), tel0,T] 118
(x, 1) = u(x,t—T),te[T,TH%*]' - (4.18)

By construction u (x, t) is a solution of the problem (1.1)—(1.2) on [T, To + TT*] and in view
of local uniqueness, i (x, t) extends u. This is against to the maximality of [0, Tp), i.e. we obtain
To = oo.

The solution in Theorem 4.1 can be extended to a maximal interval [0, Tax), Where finite
Tmax 1 characterized by the blow-up condition
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limsup ||u||YS'P(A;E) = OQ.

T — Tmax

Lemma 4.3. Let the problem (1.1)—(1.2) has a local strong solution u € C ([0 , Ty) ;Ygép), where
[0, To) is a maximal time interval. Moreover, if

sup (Jlullyzr + lulyz ) < oo 4.19)
tel0,7T]

then Ty = oo.
Proof. Indeed, by reasoning as in the second part of the proof of Theorem 4.1, by using a con-

tinuation of local solution of (1.1)—(1.2) and assuming contrary that, (4.19) holds and Ty < oo
we obtain contradiction, i.e. we get Ty = Tpax = 00. O

5. Conservation of energy and global existence
In this section we will study the regularity and global existence properties of the problem
(1.1)=(1.2) in Ly (R™). Here, scalar product u, v € L, (R™) will denote just by (1, v). Moreover,

norm of u € L, (R™) denotes by |ju]|.

Condition 5.1. Assume that the Condition 4.1 is satisfied for p =2. Let Lo (§) > O for all £ €
R”™. Moreover, let

NI

0<La®ILo@?=Cr (14 6F)7, (5.0)
Consider the Fourier multiplier operator S = S, defined by

ueD(S) =Y, Vu=F"! [LZ% (5)12(5)]. (5.1

Lemma 5.0. Let the Condition 5.1 hold. Then the operator V is a self-adjoint operator in
Ly (R™) and the following are hold

1
viu=r"1! [LZZ (g)ﬁ(g)}, V=2u=—AL; *u. (5.2)
Proof. Indeed, for all u, v € Ly (R") by Parseval’s identity we have

(Vu,v) = (F—1 [Lf &) i <s>} : v) = / F! [Lf &) i (5)} v (x)dx =
]Rn

/ [Lzz (S)ﬁ(é)} 0 (§)de =/u<x> F! [Lzz <s>ﬁ<s>} dx = (u, Vv).
R" R”
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Moreover,
v i (Vuy=F [L (E)F(Vu)] F~
_1
i@ =u, V( [Lzz(g)F )}z

_1 1
F~! [Lz ’ ((‘E)Lz2 &a (5)} =F @) =u.

! [L @)L, . )i (&)}

That is the operator V has an inverse V! defined by (5.0). Moreover, we have
Viu=VVu)=F" [Lf &) F (Lzu)i| =
1,3 -3 ~ 1 1
F- [Lz L)Ly @ (E)} =r1' @]
Then
V2[Lasul=F7' L' @) F (Lo xw) | =
FH L' ®©L@a®]=F i@ =u (5.3)
Here, (5.1) implies the second equality of (5.2). Hence, it is clear to see that
1
V3u=Lysu,V9iu=F"! [Lj )i (g)} ,
Viu=F"" [L;1 &) i (g)] . (5.4)
Let

B =V [Lisu—Lox f@I=F " [Li© L, ©a®]-rw,

]
® (n) :/B(a) do. O 5.5
0

We prove the following results

Lemma 5.1. Let the Condition 5.1 hold, ¢, ¥ € Y2 N Xoo and let u € CP (([0, T]; W*)) be
solution of (1.1)—(1.2) for any t € [0, T). Then the energy

E@ =V (Losu)|?+2 f ® (u) Lo * uydx, (5.6)
]Rn

is constant.
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Proof. By Lemma 5.0 and by (5.3)-(5.5) it follows from straightforward calculation that
d
EE (1) =2V (Lo*ur),V (Loxur))+2 | &, (Lo*u)dx=
]Rn

2(Lo*u[,, V2L0*u,) +2/V2[L1 wu — Lo s f ()] (Lo % uy)dx =
Rn

2 (LO suy, V2Lo * u,) +2 [(Ll swu— Lo f(u), VLo * u,)] -
2[(L0*u,t+L1 *u—Lz*f(u),VzLo*u,)] —0.
Hence, we obtain the assertion. O
By using the above lemmas we obtain the following results

Theorem 5.1. Assume that the Condition 5.1 is satisfied and ¢, ¥ € V2N Xoo. Lets >0, r > 1
and there is some k > 0 so that

®(0) > —k|o|?, forallo € R. (5.7)

Then problem (1.1)—(1.2) has a global solution
ueCc® (((0, 00); Y”)) .

Proof. By Theorem 4.1 we have the local existence of the solution u € C @ (([O, T];Y* 2)) for
some T > 0. By assumption (5.7), we obtain

IV (Lo * u)|I> < E (0) + 2k lu (., )1, (5.8)

forallr €[0,T).
By virtue (5.1) and Plancherel equality we have

||V<Lo*ut)||2=/L;' &) 1Lo &) |i; )] de. (5.9)

R~?

From (5.0), (5.8) and (5.9) we get

i &) dg =l ), - (5.10)

W LoruP =t [ (1+167)°

Rn

By the triangle inequality, for any Banach space valued differentiable function v we have

d . <Hd .
EIIU()II_ EU()

156



V.B. Shakhmurov, V. Bayrak and R. Shahmurov Journal of Differential Equations 310 (2022) 138-163
Then in view of (5.8)—(5.10), we obtain

d
77 I G Ol3r2 < 20 G Dllyr2 lu (Dl <

lur GO+l (L 0115,2 < CLE (0) + QCLk + D) lu (D3, -

Gronwall’s lemma implies that [|u (., )[|y-2 is bounded in [0, T'). Since r > 7, we conclude

that [[u(?) ]| x_, also is bounded in [0, T'). By Lemma 4.3 this implies a global solution. O
6. Blow up in finite time
We will use the following lemma to prove blow up in finite time.

Lemma 6.1. [33]. Suppose H(t), t > 0 is a positive, twice differentiable function satisfying
2 )2
HPH - +M)(H( >) >0 for u > 0.
If HQ) > 0 and HD(0) > 0, then H(t) — 0o whent — 1 for some

| -1
1 < H(0) [VH( >(0)] .
We rewrite the energy identity as
E0 =1V LoxunlP +2 [ @ Loxuds, 6.1)
Rn
where ® (u) is defined by (5.5).

We prove here the following result

Theorem 6.1. Assume the Condition 5.1 is satisfied. Let u € C® (([O, T]; YS'2)) be solution of
(1.1)—(1.2) for any t € [0, T'). Suppose there are a positive number v such that

0B (o) > —-2v® (o) forv > wand forall o € R. (6.2)
Moreover,
E(0)= ||V(L0*u,)||2+2/q>(u)Lo*u,dx <0, (6.3)
Rn

where B (u) is defined by (5.5), i.e.
— -1 ~
Bw=F"'[Li®L, ©i®]-rw.
Then the solution u of the problem (1.1)—(1.2) blows up in finite time.
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Proof. Assume that there is a global solution. Let
H () =Vw|*+b(t+10)*
for some positive b and 1 that will be determined later, where
w = Lg*u.
We have

HY (1) =2[(V (Lo*u),V (Lo*up)) + b (t + 1)1,
H (6) =2V (Lo % u)|*> +2 ((Lo wu), V2 (Lo un)) +2b.

Hence, from (1.1) by Parseval’s equality, we get
(Lo swu, V2 (Lo ut,)> - (Lo wu, V2(Lyx f (u))) - (u V2 (L, * u)) -
(LoxuF~' [Li® Ly ©a®] -1 @) =Loru Bw).

From (6.2)—(6.3) and (6.5) we deduced

(LO xu, V2 (Lo * u,t)) = / B (u)(Lo*u)dx > —2v / D (u) Lo *xu;dx =
R~ R~

v[IV (Loxud P = E©)].
From (6.4) and (6.6), we obtain

H® (1) > Q2+ 2v) [Vw||> = 2v[E (0)] + 2b.

6.4)

(6.5)

(6.6)

6.7)

On the other hand, in view of Cauchy-Schwartz inequality and by choosing b (t + ) > 1 we

have
1 2 2
(HU(t)) —2(Vw, V) +2b(t +10)? <
(vl v +b @+ (IVwl?+1Vw?) | +462 ¢ + 0.
Hence, combining (6.4), (6.7) and (6.8) we obtain
2 1 2
HOH =+ (HD) =
[(2 +20) [V | = 20E (0) + Zb] [||Vw||2 +h(t+ to)z] -
a0+ [IVelP IV P =5 @+ 02 (IVol? + 1Vil? +1)] =
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4402 [+ 02 = A+ | IVl + 40 =l Va2Vl +
b(t+10)*[2b — 2vE (0) — 4 (1 + p) bl +
[217 —2WE©) =40 +p)b* ¢+ ro)z] [Vwl|?.

Hence, we choose b such that (1 4+v)b% — (14+p) >0, 2b —2vE (0) —4 (1 + )b > 0 and
2b—20E (0) —4 (1 + ) b*>(t +19)*> > 0, i.e.

e lth v
l+v (1+2p)

414 p)b* (t +19)> —2b < —2vE (0).

E (0)

Then this gives
2 )2
HYH - +u)(H( >) > 0.
Moreover,

HY (0) =2(p, ¥) +2b (t) > 0

for sufficiently large #y. According to Lemma 6.1, this implies that H (¢), and thus ||« () % blows
up in finite time contradicting the assumption that the global solution exists. O

7. Applications

In this section we give some application of Theorem 4.1.
1. Let

Lou=Liu=Lu=Au= Z ag * D%u,

o] <2

where a, are complex numbers.
Then the problem (1.1)—(1.2) is reduced to the Cauchy problem for the following wave equa-
tion
Al +Aiu=Af (x,t,u),xeR% 1€(0,T), (7.1)
ux,00=¢x),u (x,0) =9y (x).

Assume

2

ALE) =) arj&g) > € for& = (51, 6) € R?

k,j=1
Hence, the Condition 3.1 is satisfied.
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Let
X,=L,(R?),1=p=o0,vr =1 (R?),
Hence, from Theorem 4.1 we obtain:

Theorem 7.1.Let s > n (1 + é + %) with a p € [1,00] and a q € [1,2]. Assume that the

_1
2p

s(1
function u — f (x,t,u): R? x [0, T] x B;( ) (Rz) — Ly (Rz) is measurable in (x,t) €

_L
2p

1 -k
R2 x [0, T] for u € B;( ) (R2). Moreover, f (x,t,u) is continuous in u € B;( 2p) (RZ)

and
o(1—.L
fx,t,u)ec® (B,,(1 %) (Rz) : C)

uniformly with respect to (x,t) € R? x [0, T]. Then for ¢, ¥ € Yls’p problem (7.1) has a unique
local strong solution u € C @ ([0, To); Yg(,)p ) where Ty is a maximal time interval that is appro-
priately small relative to M. Moreover, if

sup (lullysr 4 lluellx o, + luellys.e + lulix,, ) < 00
te[0,Ty

then Ty = oo.

2. Let

Lou=Liu=Lou=Ayu= Z ag * D%u,

loe|<4

3
where a, are complex numbers, o = (a1, &2, ®3), o¢x are natural numbers and || = Z .
k=1
Then the problem (1.1)—(1.2) is reduced to the Cauchy problem for the following wave equa-
tion

Aoy + Asu = As f (x,t,u), x eR3,1€(0,T), (72)
u(x,0) =9 @), ur (x,0) =9 (x).

Assume

Ay €)=Y ay (i8)™ (i82)™ (&)™ > |&]* forall & = (&1, &, &) € R,

o] <4
Therefore, the Condition 3.1 is satisfied.
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Let
Xp="L,(R), 1= p=o0,vr =L} (R?).
Hence, from Theorem 4.1 we obtain:

Theorem 7.2. Let s > n (1 + ql + %) with a p € [1,00] and a q € [1,2]. Suppose that the

_L
2p

1
function u — f (x,t,u): R3 x [0, T] x B;( ) (]R3) — L, (R3) is measurable in (x,t) €

o(1—-L s(1—5-
R3 x [0, T] for u € B;( ZP) (IR3). Moreover, f (x,t,u) is continuous in u € B;( ZP) (R3)

and

1

s{1—»
f,tu)ec® (B,,( ) (R3) : <c)
uniformly with respect to (x,t) € R? x [0, T]. Then for ¢, ¥ € Yls’p problem (7.2) has a unique
local strong solution
ueC? (10, Tp): ¥x'),

where Ty is a maximal time interval that is appropriately small relative to M. Moreover, if

sup  (llullys. + llullx,, + luellysr + lluellx,,) < 00
tel0, Tp)

then Ty = oo.

3. Let

Lou = Z aoe * D%, Liu = Z ale * D%, Lou = Z are * DY,

la| <4 o] <2 | <4

3
where a,; are complex numbers, o = (a1, a2, &3), o¢x are natural numbers and |«| = Z .
k=1

Then the problem (1.1)—(1.2) is reduced to Cauchy problem for the following wave_equation

Lous + Liu=Lrf (x,t,u), xR 1€(0,7), (7.3)
u(x,O)=<p(x),u,(x,0)=1ﬂ(x).

Assume

Lo (&) > 0for& = (&1, 6, &) e R%.

Since mg — m| = my — my = 2 the Condition 3.1 is satisfied.
Hence, from Theorem 4.1 we obtain:
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Theorem 7.3. Let s > n (1 + % + %) with a p € [1,00] and a q € [1,2]. Assume the Condi-

s(1—5
tion 3.1 is satisfied. Suppose that the function u — f (x,t,u): R3 x [0, T] x Bp< 2,;) (R3) —
s(1—5-
L, (R3) is measurable in (x,1) € R3 x [0, T] foru e Bp( 2’7) (]R3). Moreover, f (x,t,u) is
s(1—5L
continuous in u € Bp( 2P) (]R3) and

1

reneco (5079 (w2).c

uniformly with respect to (x, 1) € R® x [0, T1. Then for ¢, ¥ € Y3¥ problem (7.3) has a unique
local strong solution

ueC?([0,Ty); Yad),

where Ty is a maximal time interval that is appropriately small relative to M. Moreover, if

sup  (llullysr + lullxy, + luellys.r +lluellx,,) < 00
tel0, Tp)

then Ty = oo.
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